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1 Introduction 

This paper studies the stochastic wave equation in spatial dimension d = 3 

u{t, x) = a(u{t, x) + b(u{t, x)j , (1.1) 

d 

m(0, x) = vo{x), ^“(0’ 

where t G ]0, T] for some hxed T > 0, x G and A denotes the Laplacian on 
The coefficients a and b are Lipschitz continuous functions, the process 
F is the formal derivative of a Gaussian random held, white in time and 
correlated in space. More precisely, for any d > 1, let be the space 

of Schwartz test functions (see j2S]) and let T be a non-negative and non¬ 
negative dehnite tempered measure on R'^. Then, on some probability space, 
there exists a Gaussian process F = (^F{ip), ip G 'D(R‘^+^)J with mean zero 
and covariance functional given by 

E(F{ip)F{'il))\ = [ ds f T{dx){ip{s)*^{s)){x), (1.2) 

where 'ip{s){x) = 'ijj{s){—x). 

We are interested in solutions which are random fields, that is, real-valued 
processes {u{t,x), {t,x) G [0,T] x R^), that are well dehned for every hxed 
it,x) G [0,T] X R^. We want to study their sample path regularity, both in 
time and space, and check the optimality of the results. 

There are diherent possible approaches to giving a rigourous formula¬ 
tion of the Gauchy problem (HD). However, in all of them the fundamental 
solution associated to the wave operator C = — A naturally plays an 

important role. Since its singularity increases with the spatial dimension d, 
the difficulties in studying regularity of the solutions of the stochastic wave 
equation increase accordingly. Moreover, keeping the requirement of obtain¬ 
ing random held solutions amounts to adjusting the roughness of the noise 
to the degeneracy of the diherential operator which dehnes the equation. 
It is only for d = 1 that it is possible to take a space-time white noise as 
random input to (EH), while in higher dimensions a non-degenerate spatial 
correlation is necessary iniini. 

For d = 1,2, the stochastic wave equation driven by space-time white 
noise, and noise that is white in time but spatially correlated, respectively, 
is now quite well understood. We refer the reader to P], 1^, |Mj) 

ra, nzi. iig. BDi, for a sample of articles on the subject. 
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For d = 3, the fundamental solution of the wave equation is the measure 
dehned by 


G(i) = —a., 


(1.3) 


for any f > 0, where at denotes the uniform surface measure (with total mass 
on the sphere of radius t G [0,T]. Hence, in the mild formulation of 
equation (HH), Walsh’s classical stochastic integration theory developed in 
jH21 does not apply. In fact, this question motivated two different extensions 
of Walsh’s integral, given in [B] and [7] , respectively. 

The stochastic integral of jS], written 


[ G{t - s,y) Z{s,y) M{ds,dy), 

Jo 

requires a non-negative distribution G, a second-order stationary process Z 
in the integrand, and the integrability condition 


f^ds [ a{dO\J^Gm)f <oo, (1.4) 

Jo JRd. 

where y = among other technical properties. As is shown in Section 5 

of [HI, with this integral one can obtain existence and uniqueness of a random 
held solution to (CH), interpreted in the mild form (Q, in the case where 
the initial conditions vanish. In this framework, results on the regularity of 
the law of the solution to the stochastic wave equation have been proved in 
PTj and |221 (see also |77jb 

In |7j , a new extension of Walsh’s stochastic integral based on a functional 
approach is introduced. Neither the positivity of G nor the stationarity of 
Z are required (see [7j, Theorem 6). With this integral, the authors give 
a precise meaning to the problem (HID with non vanishing initial condi¬ 
tions and coefficient 6 = 0 and obtain existence and uniqueness of a solution 
(^(f), t G [0,T]) which is an L^(M^)-valued stochastic process (Theorem 9 
in [71). This is the choice of stochastic integral that we will use in this paper 
to study the stochastic wave equation (HH). 

We consider the particular case of a covariance measure that is absolutely 
continuous with respect to Lebesgue measure, with density given by 


f{x) = ip{x)ky{x), (1.5) 

where (p is a smooth positive function and kjj denotes the Riesz kernel k/ 3 {x) = 
|x|“^, with /3 g] 0,2[ (see Assumption 12.411 . Riesz kernels are a natural class 
of correlation functions and are already present in previous work on the 
stochastic heat and wave equations, for instance in [H], |E], [12], [IE]- They 
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provide examples where condition (D is satisfied: for these covariances, 
(Q is eqnivalent to the condition 0 < /? < 2 (see Example I2.5j) . 

Related qnestions for an eqnation that is second order in time bnt with 
fractional Laplacian in any spatial dimension d and general covariance mea- 
snre E have been considered in |H], in the setting of an L^-theory (see |24 ] ). 
The resnlts there are shown to be optimal in time. We adopt here a similar 
strategy, bnt we work in an L'^-framework (see PI), for any q > 2. Indeed, 
the particnlar structnre of the wave eqnation in dimension d = 3 makes it 
possible to go beyond the Hilbert space setting and to obtain sharp resnlts, 
both in time and space. 

The main result of the paper is Theorem 14.111 stating joint Holder- 
continuity in {t,x) of the solution to (ll.l|l . together with the analysis of 
the optimality of the exponents studied in Section El The optimal Holder 
exponent is the same for the time and space variables: this is an intrinsic 
property of the d’Alembert operator. Moreover, this result shows how the 
driving noise F contributes to the roughness of the sample paths, since it 
expresses the optimal Holder exponent in terms of the parameters (3 and 5 
appearing in Assumption 12.41 on F (see Section 

Notice that for the stochastic heat equation with Lipschitz coefficients in 
any spatial dimension d > 1, joint Holder-continuity in (t,x) of the sample 
paths of the solution has been established in m- Unlike the stochastic wave 
equation, the Holder exponent in the time variable is half that for the spatial 
variable. This is also an intrinsic property of the heat operator. However, it 
turns out that effect of the driving noise F on the regularity in the spatial 
variable is the same for both equations (see Theorem 14.1 1l a,nd Remark 14. 
Similar problems for non-Lipschitz coefficients have been recently tackled in 



We should point out that despite the similarities just mentioned, estab¬ 
lishing regularity results for the solution of the stochastic wave equation 
requires fundamentally different methods than those for the stochastic heat 
equation. Indeed, taking for simplicity 6 = 0 and vanishing initial conditions, 
equation (dD, written in integral form, becomes 



where Z{s,v) = a{u{s,v)). A spatial increment of the solution is 



u{t,x) - u{t,y) 


{G{t — s,x — v) — G{t — s,y — v))Z{s, v)F{ds, dv). 


When the fundamental solution G is smooth, as in the case of the heat 
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equation, one uses Burholder’s inequality to see that 

E{\u{t,x) -u{t,y)\P) (1.6) 

<CE[ ds du dv{G{t — s,x — u) — G{t — s,y — u))Z{s,u) 

\ Jo JR‘i JR<i 

\ P/2 

X f{u — v)Z{s, v){G{t — s, X — v) — G{t — s,y — v) ] 

Then, the smoothness of G, together with integrability of Z, leads to regular¬ 
ity of u{t, •). For the wave equation, G(t) is singular with respect to Lebesgue 
measure (see (O), so this kind of approach is not feasible. 

A different idea is to pass the increments on G in (HH) onto the factor 
Z{s,u)f{u — v)Z{s,v), using a change of variables; the right-hand side of 
(ESI) becomes the sum of 

— ds G(s,du) / G(s, dv)D‘^ f(v—u, x—y)E(Z(t—s, x—u)Z(t—s, x—v)), 
Jo JR3 Jr3 

(1.7) 

where D^f{u, x) = f{u + x) — 2f{u) -|- f{u — x), and of three other terms of 
similar form (see the proof of Lemma fd.21 for details). Focussing on the term 
(inD, one checks that in the case where f{x) = \x\ ^ is a Riesz kernel, 

\D‘^f{u,x)\ < c|/"(m)| \x\^ < (1.8) 

where f denotes the second order diferential of /. This would lead to the 
following bound for (EZD: 

\x — y\^ f ds [ G(s,du) [ G(s,dv) \v — (1.9) 

Jo 2r3 7r3 

The factor \x — looks too good to be true, and it is! Indeed, the triple 
integral is equal to the left-hand side of (D, and we have already pointed 
out that this is hnite if and only if the exponent f3 + 2 is less than 2. However, 
this is not the case since f3 G ] 0 , 2 [! 

Even though the bound (uni) equals -|-cx), this approach contains the 
premises of our argument. Indeed, instead of differentiating / twice as in 
(ED, we shall estimate D'^f by using a fractional derivative of order 7 , 
where 7 < 2 —/?. It turns out that for f{u) = \u\~^, the fractional derivative 
~ This leads to the following bound for (j1.7jl : 

\x — yP [ ds [ G{s,du) [ G{s,dv) \v — 

Jo 2r3 Jr3 

The triple integral is now hnite since fJ+j < 2 and this gives the correct order 
of regularity for u{t, ■). The precise properties of Riesz kernels and rigorous 
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use of their fractional derivatives (or rather, their fractional Laplacians) are 
given in Lemma ESI (with a there replaced by 3 — /? — 7 , b replaced by 7 , and 
d = 3). 

In short, there are mainly three ideas which have been central to obtaining 
the results of this paper. First, the smoothing in space of the fundamental 
solution by means of a regularisation procedure based on time-scaled ap¬ 
proximations of the Dirac delta-function (see (EID), and the study of the 
corresponding smoothed equation, to which we can successfully apply stan¬ 
dard techniques of stochastic calculus. Secondly, at the level of the smoothed 
equation, increments of stochastic integrals, whether in space or in time, ini¬ 
tially expressed in terms of increments of the fundamental solution, can be 
reexpressed in terms of increments of the covariance density of the noise. 
Using the semigroup property of Riesz potentials (see for instance ISDl); we 
implement the ideas concerning fractional derivatives described above (see 
Lemma EH). With these results, we are able to obtain bounds on one and 
two dimensional increments, in space and in time, of certain generalized Riesz 
potentials of a smoothed version of the fundamental solution of the wave 
equation. The sharp character of these estimates leads to the optimality of 
our results. 

The paper is organized as follows. In Section El we dehne the smoothing 
Gn of the fundamental solution G and prove some of their basic properties. 
Then we describe precisely the type of stochastic noise we are considering in 
the paper and prove the above mentioned fractional derivative properties. 

In Section El we study the path properties of the indehnite stochastic 
integral introduced in [Zj. Briefly stated, we prove that if the sample paths 
of the stochastic integrand belong to some fractional Sobolev space with a 
hxed order of differentiability, then the stochastic integral inherits the same 
property with a related order of differentiability fTheorem 13.Ij) . This fact, 
together with Sobolev’s embeddings and L^-estimates of increments in time 
of the integral iTheorem 13. complete the analysis. 

Section El is devoted to the study of equation (HH) itself. The idea is 
to transfer the properties of the stochastic integral obtained in Section El to 
the solution of the equation. First, in Section 14.IL we give a more general 
version of existence and uniqueness of a solution and its properties than in 
[2] , allowing non vanishing initial conditions and an additive non-linearity b. 
We also show how the L'^-moments of the solution depend on properties of 
the initial conditions (see Theorem EUD- 

Next, in Section EM we go beyond the L'^-norm in the space variable. 
We see in Theorem 14.bl how the assumptions on the initial conditions and 
on F imply that the fractional Sobolev norm in the space variable of the 
solution of equation (inD is hnite. The analysis is carried out at the level 
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of the s.p.d.e. driven by the smoothed kernel and then transferred to 
the solution of equation (EH) by means of the properties on the fractional 
Sobolev norm of the contribution of the initial conditions (Lemma EH), an 
approximation result proved in Proposition EHl and Fatou’s lemma. With the 
Sobolev embedings, we obtain the Holder continuity property in the space 
variable of the sample paths. 

In Section EM we prove regularity in time using the classical approach 
based on Kolmogorov’s continuity criterion. We £x a bounded domain D C 

and we first study the Holder continuity in time, uniformly in x E D, of 
the contribution of the initial conditions (Lemma EH} • Secondly, we hnd up¬ 
per bounds for the L^(H) norm of increments in time of the solution of (II.Ij) . 
uniformly in x E D (Theorem I4.1()|l . We end up with the joint Holder conti¬ 
nuity in space and in time stated in Theorem id.lll In particular, these results 
are non-trivial even for the deterministic inhomogeneous three-dimensional 
wave equation (see Remark |4.12j) . 

In Sectional we check the sharpness of the results proved in Section E by 
considering the most simple example consisting of an equation with vanishing 
initial conditions and coefficient b, and constant coefficient a. In this case, 
the solution is a stationary Gaussian process and all the information about 
the sample paths is contained in the covariance function. From the results 
of Section E we already have upper bounds on L'^-norms of increments of 
the solution. We complete the analysis by obtaining sharp lower bounds for 
these increments; this requires precise estimates of integrals related to El- 

The last section of the article. Section El gathers the somewhat technical 
but crucial sharp estimates on integrals of increments of a class of generalized 
Riesz potentials that also involve the smoothed version of the fundamental 
solution of the wave equation. 


2 The fundamental solution of the wave equa¬ 
tion and the covariance function 

The hrst part of this section is devoted to introducing the smoothing of 
the fundamental solution of the wave equation used throughout the paper. 
We prove some of its properties as well as some of the properties of the 
fundamental solution itself. In the second part, we obtain expressions for 
hrst and second order increments of the covariance function. Informally, 
these express the covariance function as a fractional integral of its fractional 
derivative; they are proved by applying the semigroup property of the Riesz 
kernels. 
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2.1 Some properties of the fundamental solution and 
its regularisations 

Let d>l and 'ip ^ R_i_ be a function in with support included 

in -Bi(O) and such that f^d 'tp(x)dx = 1 {Br{x) denotes the open ball centered 
at a; G R^ with radius r > 0). For any t G ]0,1] and n > 1, we dehne 

x) = ^(i^) 

and 

Gn{t,x) = (2.1) 

where denotes the convolution operation in the spatial variable. Observe 
that J^d'ipn{t,x)dx = 1 and 

SUpp Gn{t,-) C 54(i+i)(0). 

The following elementary scaling property plays an important role in the 
study of regularity properties in time of the stochastic integral. Its proof is 
included for convenience of the reader. 

Lemma 2.1 Let d = 3. For any s,t E [0,T] and vq G O(R^), 

[ G{s,du)vQ{u) = - [ G{t,du) vo{-u), ( 2 . 2 ) 

aR3 t JRS t 

and for any a; G R^, 

Gn(t, ^a;) = (^0 Gn{s,x). (2.3) 


Proof. The first equality follows from the fact that the transformation u ^ ju 
maps G{t, ■) onto ^ G(s, •). 

The change of variables y ^ \ y yields 

Gn{t,-x) = [ G{t,dy)f)n{t,-x-y\ 

s aR3 Vs / 

= G{s,dy)f)n{t,-{x-y)) -. 

aR3 Vs / s 

Since 

fjn(t,\x-y)^ = (^^{x-y)^ = fjn{s,x-y)) , 
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it follows that 


Gnit, -X) 
S 


This proves the lemma. 


G{s, dy)'4)n{s, x-y)) (^0 

-j 


□ 


We recall the following integrability condition of the fundamental solution 
of the wave equation, valid for any f3 G ]0, 2[: 




Indeed, 


JPG(i)(^) = l^|-■sin(i|5|) 


(2.4) 


(2.5) 


(see EH), and therefore 


r iJ^GimW 




where 


J £ <i t r p J £ 




l«!<i ^ ’ J\£\>i ^ 

A similar property holds for G„. In fact, since |jF'0„(t)(^)| < 1, 

i^G„(f)(oi = \d^Mtm\\j^G{tm\ < \d^G{tm\ 

and therefore 


de < C'a. 


sup sup 


d^<G{l + T^). 


n>l te[0,T]-fRrf 

The next statement gives a more precise result than (IZl. 

Lemma 2.2 For any t G [0, T] and f3 G ]0, 2[, 

) 

-de < Gt^-f^. 


( 2 . 6 ) 


(2.7) 


f \msm? 




0 


( 2 . 8 ) 








Proof. By Fubini’s theorem, and using the change of variables w = t we 
see that 



f P 1 - cos{2s\^\) 

^ Jr<^ |^|rf+2-/3 Jo 2 

f d^ ft sin(2t|^| \ 

|^|'^+2-/3 y2 4|(^| j 


where 




dw 

(J 

sin (2 to )\ 

|yj|(i+2—/3 


4 w j 



Note that J < oo. Indeed, J < Ji + J 2 , where 


Ji = 


dw 


i)|>i 


Ji — 


dw f 1 sin( 2 |t(;|) 


i)|<i |t(;|‘^+2-/3 I 2 4\w\ 


Clearly, Ji < 00 . For J 2 , since sin(2|tc|) = 2|tc| — cos(C)|w|^, with ( G 


]o> kIL 


This establishes dZH). 


J2<C 


dw 




< 00 . 


□ 


Lemma 2.3 For any b > 0 and [3 G ]0, 2[ such that /? + 6 G ]0, 3[, 


P ds 
sup / — 

t&[0,T] do S° . 


\dFG{sm? 


lel 


d-y 


d^ < 00 . 


(2.9) 


Proof. The change of variables ^ 1 —*• 
equal to 


ds 

Jo 


shows that the integral in (jZl) 



d^. 


is 


The inner integral is finite for (3 G ]0, 2[. Therefore (12.9j) holds when (3+b < 3. 

□ 
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2.2 The covariance function and Riesz kernels 

We assume that the covariance measure of the noise is absolutely continuous 
with respect to Lebesgue measure, that is, T{dx) = f{x)dx. In addition, we 
suppose that / satishes the following assumption. 

Assumption 2.4 There is (3 g]0,2[ and 6 g]0, 1] such that 

f{x) = ip{x)kf^{x), 

where kj^^x) = x G and ip is hounded and positive, ip G 

and G (the space of hounded and Holder continuous functions with 

exponent 6). 

Example 2.5 (a) The basic case is when ip = 1. In this case, f = kp is 
termed a Riesz kernel. We recall that kp = Cd^ptFkd-p Chapter V]. 

(h) Another possibility is (p{x) = exp(— (T^|a;p/2). In this case, f{x) 
is indeed a covariance function, since f = IFikd-p * fj), where - 0(0 = 
(27r(j^)“^/^ exp(— |,^P/( 2 (j^)). The parameter 5 in Assumption \2.4\ can be set 
to 1. Condition Q is satisfied since f3 g]0,2]. Indeed, 

/ [dzi,(z) [ d(ka-i,(()\Ta{t){( + ,,)f 

jR<i jRd J]^d 

< sup [ d^kd-piO + 

rj(zRd jRd 

and the right-hand side is finite when (I g]0,2].- see ^ Lemma 8], 

The Riesz potentials I a associated with the function kp{x) are dehned by 

{IaT){x) = f \x - y\-'^+‘^ip{y)dy, 

7 (a) JRd, 

for p G a G]0,(i[ and 7 (a) = 7 r‘^/^ 2 “r(|)/r(^). Riesz potentials can 

be interpreted as fractional integrals and have the semigroup property 

la+b T = hihT), T e a + 6 G ]0, d[ 

(see m p.ll8]). This property implies in particular that 

\x _ y\-<i+C+b) = f dz\x - -y\~'^^\ (2.10) 

JR'* 

provided a + 6 G ]0, d[. This equality can be informally interpreted by saying 
that I ■ is the fractional integral of order a of | ■ 1“'^"''^, which is 
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natural since (—A)“/^(| ■ | ‘^+(“+^)) = | ■ | as can be checked by taking 
Fourier transforms. 

We will make heavy use of properties of hrst and second order increments 
of Riesz kernels. For a function / : —>■ M, we set 

Df{u,x) = f{u + x) - f{u), 

x) = f{u -x) - 2 /(m) + f{u + x), 

X, y) = f{u + x + y) - f{u + x) - f{u + y) + f{u). ( 2 . 11 ) 

Notice that D‘^f{u, x) = D‘^f{u — x, x, x). 

Lemma 2.6 Fix u,x,y E a + b e] 0, d[. The following properties hold: 
(a) For any c G M, 



(b) For any 6 G ]0,1[ and any vector e G with \e\ = 1 



(c) Set e = 1 ^, a; G Then 


\D‘^kd-a-b{u,x) \ < \x 


b 



dwkd-a{u- \x\w)\D‘^kd-b{w,e)\. 


(d) For any b g]0,2[ and each e G with \e\ = 1 


dw\D‘^kd-b{w-ie)\ < oo 


(e) 


D‘^kd-a-b{u,cx,cy) < |c|^ 



dw kd-a{u - cw)\D‘^kd-h{w, x,y)\. 


Proof. (a) From (j2.1 Ojl . we obtain 


Dkd-a-b{u, cx) = dz kd-a{u - z)Dkd-b{z, cx). 
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Set z = cw to see that this is equal to 


c 


d 



dw kd-a{u — cw)Dkd-b{cw, cx) 
f dwkd-a{u-cw)Dkd-b{w,x), 


c 


b 



which proves (a). 

We now check (b). Set 



and consider the decomposition / = /1 + / 2 , where Ji (resp. I 2 ) is the integral 
of the same expression but over - 82 ( 0 ) (resp. B2{0Y) instead of Then 



if 6 > 0 . As for I 2 , we write 






which is hnite if 6 < 1 . 

The proof of (c) is analogous to that of (a). It suffices to apply the identity 
(imi twice, since D‘^kd-a-b{u,x) = Dkd-a-b{u,x) + Dkd-a-b{u, —x), and to 
use the change of variables = \x\w. 

Let us now prove (d). Observe that D‘^kd-b{^^, e) = kd-b{w±e) — 2kd-b{,w) 
and that the integrals 



converge for each b > 0. 

We next study J |^„|>2 \D‘^kd-b{w, e)\. Set 

<h(A, /i) = kd-b (w - (A - /i)e), A, p e [0,1]. 


Then 
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Elementary computations lead to 


^ 2 $ 

dXd/j, 


(A,/i) 


< C kd-b+2 {w 


(A-/i)e). 


Therefore, by Fubini’s theorem, 

[ dw\D‘^kci-b{w,e)\ < C [ dX [ dfi ( dw\w — {X — . 

J\w\>2 Jo Jo J\'w\>2 

The integral i|^|> 2 dw |ta — (A — converges for any b < 2. Conse¬ 

quently, (d) is proved. 

The proof of (e) is analogous to that of (a). It suffices to apply the identity 
(imH) four times, and to use the change of variables z = cw. □ 


Lemma EH is the basis for the main technical estimates of this paper, 
whose statements and proofs are deferred to Section IHl 


3 Holder-Sobolev regularity of the stochastic 
integral 

In this section, we consider the extension of the stochastic integral given in 
Section 2 of [7j in the particular case where G is the fundamental solution 
of the wave equation in spatial dimension d = 3, defined in ira- More pre¬ 
cisely, let {Z{s), s G [0,T]} be an jF^-measurable, L^(M^)-valued stochastic 
process that is mean-square continuous. Let F be the Gaussian process with 
covariance measure T and covariance functional as in m- Assume that its 
spectral measure /i = F~^T satisfies condition (D. 

As it has been proved in [S], the process F can be extended to a worthy 
martingale measure in the sense given in We shall denote by M = 

t > 0, A G this extension. The relationship between F and 

M is 

^{'4’) = [ 'ip{J'^x)M{dt,dx), 

JR_). xR3 

for all "0 G The covariance measure Q and dominating measure K 

of M are 

Q{Ax Bx]s,t]) = {t-s) [ dx [ dylA{x)f{x-y)lB{y) 

7R3 JR3 

and K = Q. 
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Then, following Theorem 6 in [7j, the stochastic integral 
'^G,Z= [ f G{t-s,--y)Z{s,y)M{ds,dy) 

JO JR3 

is well-defined as a random vector in and has the isometry 

property 


E = I ds ld(E{\TZm)?) 


(3.1) 


It also satisfies the bound 


E {\\vg,z\\lHr^)) < ^ ds E (\\Z{s)\\l 2 (^3)) supfx{dy) \EG{t - s){^ - 


Let (9 be a bounded or unbounded open subset of p G [1, cxd[, 7 G ]0,1[. 
Define 




\x - J 


i/p 


When C> = we write 11(7117,^ instead of HpH^^p^rs. 

We denote by the Banach space consisting of functions p : R^ —> 

R such that 

\\g\\w-i^ip{o) '■= \\g\\LP{o) + IIs'IIt.p.o (3.2) 


is finite. The spaces W^’^iO) are the fractional Sobolev spaces (see for in¬ 
stance [T], jSH]). 

Given a bounded set iL C R^ and £ > 0, we let be the open set 


= {x G R^ : 32) G iL such that \x — z\ < e}. 


3.1 Regularity in space 

The following result concerns the Sobolev regularity of the stochastic integral 
in the space variable. We assume that T{dx) is of the form T{dx) = f{x)dx, 
where f{x) is as in p.bjl . and there is /3 g]0 ,2[ and <5 g]0 ,1[ such that 
Assumption 12.41 is satisfied. 

Theorem 3.1 Fix T > 0, q g]3,cx)[ and a bounded domain O C R^. Sup¬ 
pose that Tq{f3, 5) := (^^ A — ^ > 0 and /ix 7 G ]0,1[, p G ]0, Tg(/3, 5) A 7 [. 
Consider a stochastic process Z such that for some fixed t G [0, T], 

f dsE {\\Z{s)f^^,,^^t-s)) < 00 . (3.3) 

^ 0 
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There is C < oo (depending on p hut not on Z) such that 


0 


(3.4) 


The main ingredient in the proof of this theorem is the next lemma, which 
will also be used in the proof of Theorem Id.bl in the next section. 

Lemma 3.2 Fix q g] 3, cx)[ such that Tg{(3,6) > 0. Fix p G ]0, rq(/9, (5)[, a 
compact set K C and a hounded domain O C K. Let Gn he given in 


(Hip. For any a g]0, (2 — /3) A 1[ satisfying 


< p, there is a finite 


constant C = C{T, p, a, K) such that for every t G [0, T] and n> 1, 


E < C f d,(^E{\\ZM 




i))) 


+ (45(||ZWII 

In addition, 


L9(0(*-«)(l+n)) 


i,>(l|zWII 


2p—a+-,q,0^^ 


E{\\v, 


^Gr,,zTp,q,0) ^ 


< 


C f dsE{^\Z{s)\\ 




(3.5) 


(3.6) 


Proof Set p = q/2 and fix f G ]0, T]. Note that Vq^ ^(x) is a Walsh stochastic 
integral and 

'^Gn,z(^) ~ '^Gr^ziy) 

= ds (Gn(t — s, X — u) — Gn(t — s,y — u))Z(s,u)M(ds, du). 
Jo J«.3 

Burkholder’s inequality yields 

^i\'^G„,zi^) ~'^Gr„z{y)\‘‘ 


with 


<Ge(\ [ ds [ du f dv Z{s,u)f{u — v)Z{s,v) 

\ Jo Jr^ Jr^ 

X {Gn{t - s,x -u) - Gn{t - s,y - u)) 

X {Gnit - s,x - v) - Gnit - s,y - u)) 1 ^^ 

= CE(^\lf{x,x) - If{x,y) - P^{y,x) + If{y,y)\^ , 

li(x,y) = ds du dvgn(t,s,x,y,u,v)Z(s,u)f(u — v)Z(s,v) 
Jo Jr3 Jr^ 
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and 


gn{t, s, X, y, u, v) = - s,x- u)Gn{t - s,y-v). 


After the change of variables s i—>■ t—s and the spatial transformation [u, v) !—>■ 
(x — u,y — v), we obtain 



where 


h(t, s, X, y,u,v) = Z(t — s, X — u)f{x — y — u + v)Z{t — s,y — v). 

Using these expressions and rearranging terms, it is straightforward to check 
that 


4 


(x, x) - (x, y) - I^iy, x) + /*(?/, y) = Yl v)^ 


i=l 


where, for i = 1,..., 4, 



and, nsing the notation in (ITTTl) . 

hi(t, s, x, y, u, v) = f{y — x + v — u){Z{t — s, x — u) — Z{t — s,y — u)) 

X {Z{t — s, X — v) — Z{t — s, y — v)), 

h 2 {t, s, X, y, u, v) = Df{v — u,x — y)Z{t — s,x — u) 

X {Z{t — s, X — v) — Z(t — s, y — v)), 

s, X, y, M, v) = Df{v -u,y- x)Z{t - s,y-v) 

X {Z{t — s, X — u) — Z{t — s, y — u)), 

h^it, s, X, y, u, v) = —D^f{v — u,x — y)Z{t — s,x — u)Z{t — s,x — v). (3.7) 
Conseqnently, setting p = p + ^ and 



we have 


4 


T„(t,o)<cY.rst,o), 


i=l 
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where 


Set 


ri(i,0)= f dxf 

JO JO \x — 


x,y)\P) 


y\ 


QP 


yh{x,y) = sup 

s€[0,T] 


dv Gn{s, u)Gn{s, v) f {y -X + v - u). 


Notice that, since f{x) = ip{x)ki 3 {x) with ip bounded (see Assumption I2.4jl 
and Gn > 0, 

sup fj^x, y)<[ < oo, 

n,x,y Jr.^ |t^| ^ 

for any (3 G ]0, 2[ (see (EH)). 

Therefore, Holder’s inequality implies that 


< {TP(x,v)f^ 

X El / ds du dvGn(s,u)Gn(s,v)f(y — X + V — u) 
\ Jo 2m3 

X \Z(t — s, X — u) — Z(t — s, y — u)\P 
X \Z {t — s, X — v) — Z {t — s, y — v)\P^ . 


The function (s, x, y, u, v) Gn{s, u)Gn{s, v)f{y—x+v—u) is the density 
of a hnite measure on [0,T] x C> x (9 x x Indeed, 

sup dx dy du dv Gn{s,u)Gn{s,v)f{y — x + v — u) 
se[o,r] Jo Jo Jrs 

< |C>psup/i^(a;,|/) < C, 

n,x,y 

where \0\ denotes the volume of O. 
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Applying the Cauchy-Schwarz inequality with respect to this measure, 
we see that < C , with 

Tj’Vt, C>)= ds dx dy du dvGn(s,u)Gn(s,v)f(y — x + v — u) 
Jo Jo Jo 

E {\Z{t — s, X — u) — Z{t — s,y — u)\'^P) 

\x — yl'ip 


= [ ds [ dx [ dy [ du [ 
Jo Jo Jo JR3 JR3 


dv Gn{s, u)Gn{s, v) f {y -x + v - u) 


E {\Z{t — s,x — v) — Z{t — s,y — 
\x — yl'^P 


Consider the change of variables dehned by x = x — u, y = y — u. We 
notice that for any s G [0,T] and n > 1, the support of the function G„(s) 
is included in the ball centered at zero with radius skn, where = 1 + A 
Therefore, the domain of the new variables x, y is included in Hence, 


T^’\t,0) < ['ds f dx f dyE 
Jo Jo^^-^ Jo^^-^ 


Z(t — s, x) — Z(t 
\x — y\p 



X 


dv Gn{s, u)Gn{s, v) f {y - x + v -u) 


< sup yl{x,y) 

n,x^y 


x ds dx dyE 
Jo Jo^^n- JO’’^" 


Z(t — s,x) — Z(t 
\x — y\p 



<c/‘*i!(||ZW||« 

J 0 

We deal with the term O) similarly, using the change of variables 

x = x — v,y = y — V. We obtain the same upper bound as for O). 

Summarising, 

(3,8) 
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Set 


= sup 

5€[0,T] 


du 


dv Gn{s,u)Gn{s,v)\Df{v -u,x- y)\. 


By Lemma ft) .11 

snpnl{x,y) < G\x-y\^, 

n>l 

for any a G ]0, (2 — /3) A 1[. 

By Holder’s inequality, for any a G ]0, (2 — /?) A 1[, 


E{\JU^,y)\n / f Tyl{x,y)y-^ 

\x-yrP - is \x-y\-) 


X 



dv Gn{s, u)Gn{s, v) 


\Df{v -u,x- y)\ 

\x — y\°‘ 


X E \\Z{t — s,x — u) 


,\Z{t — s,x — v) — Z(t — s,y — v) 
\x - y\Pi^P-G 


For each s G [0, T], the function (x, y, u, v) i—*• Gn(s, u)Gn{s, v) 
is the density of a hnite measure on the set (9 x (9 x x In fact, 


to 


dx dy du dv Gn{s,u)Gn{s,v) 
JO Jm? JR3 


|L>/(n -u,x- y)\ 

\x — y\°‘ 


< |C>|^sup < G. 

n,x,y \X - y\°‘ 

By the Cauchy-Schwartz inequality. 


A(i, o) <C f ds O) O))’ , 
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with the terms O) and O) dehned as follows: 

T^^\s, 0 )= [ dx [ dy [ du [ dv Gn{s, u)Gnis, ^;) ~ ^ ~ I 

Jo Jo Jr^ Jr^ \x — y\°‘ 

X E {\Z{t — s, X — u)\'^) , 

T^^\s, 0 )= [ dx [ dy [ du f dv Gn{s, u)Gn{s, ^ I 

Jo Jo Jr^ Jr^ \x — v r 


X E 


Z{t — s, X — v) — Z{t — s, y — v) 


\x — y\^P-°‘ 

Introducing the change of variables x = x — u, y = y — u yields 
T^’^{s,0) < [ dx j dy [ du [ dv Gn{s,u)Gn{s,' 

JO’^l^ri J]R3 J]R3 




< 




n,x,y 


L‘i{0‘‘'‘n) 


For the term O), we consider the new variables x = x—v, y = y—v. 

We obtain 

T^’^(s, C>) < [ dx [ dy [ du [ dv Gn{s,u)Gn{s,v) 

Jo^^-^ Jo’^^n Jr^ Jr?’ 


X 


\Df{v-u,x-y)\ ^ / 

Z{t — s, x) — Z{t — s, y) 

\x-y\^ V 

\X — 1 / 2 ^-" 


< G sup 

n^x,y 



Hence, we have obtained 


T, 




dslE 


X 




s(||Z(s)|| 




(3.9) 
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With the same arguments, one can hnd an identical upper bound for the 
term T^{t, O). 

We continue with the analysis of T^{t, O). Set 
l4ii.x,y) = sup du dvGn{s,u)Gnis,v)\D‘^f{v-u,x-y)\, 

sg[0,T] 7 r3 

where D'^f is dehned in ()2.11|) . By Lemma|ni21 if p G ]0, ^ A ^[, 

sup/i^(a;,p) < G\x - 

n>l 

Then, Hdlder’s inequality yields 

E{\Jin{x,y)\n . ( Tf,t{x,y) y-^ 

— y\‘^PP ~ \x — y\‘^P J 


X ds du dv Gn{s,u)Gn{s,v) 

Jo Jr3 iR3 


£>V(n -u,x- y)\ 
\x — yl'^P 


X E{\Z(t — s,x — u)\^ \Z(t — s,x — v)\^), 


Therefore, 

T^(t,0) < G [ ds [ dx [ dy [ du [ dv Gn(s,u)Gn(s,v) 

Jo Jo Jo iR3 JR3 

^ _^y^p —~ E{\Z{t - s,x-u)\^\Z{t - s,x- n)|P). 

Since the function (s, x, y, u, v) h->• Gn{s, u)Gn{s, v) \x-y\u^ density 

of a hnite measure on the set [0, T] x (9 x (9 x x R^, we can apply the 
Cauchy-Schwarz inequality with respect to this measure to obtain 

A(<. O) < C o)n^{t, O)) ’ , 
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with 


= [ ds f dx f dy [ du [ dv Gn{s,u)Gn{s,v) 
Jo Jo Jo Jr^ 




T^’'^{t,0) = [ ds [ dx [ dy [ du [ dv Gn{s,u)Gn{s,v) 
Jo Jo Jo Jm.^ Jm.^ 

\D^f{v -u,x- y)\ 


\x — y\‘^P 


■E{\Z{t-s,x-v)\'^). 


Using the new variables x = x — u, y = y — u, one can handle these terms as 
follows: 

T^’^(t,0) < f ds [ dx [ dy [ du [ dv Gn{s,u)Gn{s,v) 

Jo Jo^^ri Jr3 Jr3 


^ \D'‘nv-u,i-y)\ E(\z(t-s,xm 


\x-y\ 


2p 


< G\0^^ I sup 


hn(U2/) 


1“^ I 19“/ I 

,x,y \x — yl^^P Jo JO‘P 


f ds [ dx E{\Z{t — s, x)\'^) 
Jo Jo‘^^ 


<c/‘*b(||zwii» 

0 

In the same way, with the change of variables x = x — v, y = y — v we obtain 
a similar upper bound for the term O). Consequently, 

n(t,0) < cJ'dsE ^ (3.10) 

With. f|3.8j) ~ fj3.lUp , WG obtain (I3.5|) . 

The inequality (uni) is a consequence of ()3.5|) . Indeed, take a = p + ^, 
which clearly satishes the requirements of the statement. Hence, the proof 
of the lemma is complete. □ 

With these ingredients, we can now proceed to the proof of Theorem 13.11 
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Proof of Theorem |,V. 1[ Set p = q/2 and fix t g] 0,T]. Fix m G N and let 
Om = {x G O : Bi/m{x) C O}, where Bijmix) is the closed Enclidean ball 
centered at x with radins 1/m. Then {Om, m G N} is an increasing seqnence 
of open sets and UmeN Om = O. For n G N, let = 1 + ^. Observe that for 
n G N snch that T/n < 1/m, C if 0 < s < f < T. 

We start by showing that for snch m, n G N, 

E {\\vk.z\\l,ioJ ^Cf'ds At -s)E (l|Z(f)r„,(3.11) 

(3.12) 

where, for 0 < s < f < T, 

J(f — s) = snp [ p{dp) \BG{t — s){f — r])\‘^. (3.13) 

56R3 Jr3 

Consider the (Walsh) stochastic integral Vq^ ^ with Gn given in (I2.1|l . Set 

fin{t,x)=[ ds j dyf{y)iGn{,s,x--)*Gn{s,x--)){y). 

Jo 2 r3 ^ ^ 

By f|2.5|l , ()2.(i|l , ()2.7|1 and Assnmption 12 .4L 

snp yn{i,x) < snp [ ds [ y{df) |iFG'(s)(^)p < G. 
n,x,t<T t<T Jo 


Bnrkholder’s ineqnality yields 


G„,ZllL‘i(C'^); - 


lOr 


dxi ds du dv f(u — v) 

\ Jo Jr 3 iRS 

X Gn{t — S,X — u)Gn{t — S,X — v) 

\P 

X l,^(t-s)kr,{u)Z{s,u)l„(t-s)kr,{v)Z{s,v) 

^ 777 , 


(note that the presence of the indicator fnnctions does not change the valne 
of the integral, since Gn{t — s,x — u) = 0 if u ^ (9)/“'^^^"). Holder’s ineqnality 
yields 


G„,Z\\Li(Om)J - 


) < [ dx{pn{T,x)Y ^e( f ds f dyfiy) f dz 
Z JOm \ Jo 2r3 2r3 


X Gn{s, X - z)Gn{s, X - y - z) 

X \Zm,n{t- S,z)f’\Zm,nit- S,Z + y)f^, ( 3 . 14 ) 
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where - s,z) = l„(t-s)k„ (z) Z(t- s,z). 

'^m 

Assume first that for any s e [0,T], ZmA'^ ~ s) G In this 

case, Gn{s,x - •)|Zm,„(s, •)! e so the last integral is bounded 

by 

Ce([ dx [ ds f Adv)\^[Gn{s,x - ■)\Zrn,n{'t - s,-)\AvA') ■ (3-15) 

\JOm Jo iR3 J 

We now apply the arguments of the proof of Lemma 1 of [Zj (in particular 
(2.5) there), as follows. Since the Fourier transform of a product is the 
convolution of the Fourier transform of the factors, we have 

E[Gn{s,X - ■)\Zm,n{t “ ■)\Av) 

= / ■)(!, - - s. OIIK'). 

where x ■ denotes the Euclidean inner product in of the vectors x and 
By Plancherel’s identity, 

f dx \E[Gn{s,x - ■)\Z^At - -S) ■)\Av)\‘^ 

< [ dx\E[Gn{s,x - ■)\Z„^At - 

Jr3 

= j di \EGn{s, Av - 0 :F{\ZmAt - A on (on 

Consequently, p.lhj) is bounded by 

cI‘dsEAd( \n\z„Jt - s, ■)l'')tt)p) j^^Adri) \rGM(i - >))P 

(3.16) 

<g[ dsEff sup /" /i(d?7) |J^G(s)(^ - ?7)0 

<G f dsE(\\ZmAA\%{R3))snp [ Adv)\^G{t-s){^-A\‘^- (3-17) 

Jo ^ ^ .ceRS jr3 

Since supp ZmA^) ^ we can replace || • ||l?(r3 ) by || ■ 

(IXT7I) . 

Without the smoothness and compact support restrictions on ZmA'^~ 
we can check, by regularizing \Z\1 (t-s)kn by means of convolution and using 
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Fatou’s Lemma, that the inequality 

<C f dsE [||Z(s) 11^ sup f fi{dri)\J^G{t-s){^-r])\‘^ 

= C jjsJ(t-s)E (l|Z(i')r„,(3.18) 

holds for any process Z satisfying the assumptions of the Theorem. This 
proves (IXTTD . 

Lemma 8 in [7] and (El yield 

sup J{t — s)< [ jj,{dri)\TG{t — s){ri)\‘^ < C. (3.19) 

0<s<t<T JM.3 

This establishes dm. 

As in [71 Lemma 5], one checks that, for any fixed m G N, 

lim sup E - v^czWIho^)) (3-20) 

°°te[o,T] ^ ^ 

E {hk,z - ^kzWhiOrn)) 

iG[0,T] ^ ^ 

= 0. 


By Fatou’s Lemma, this yields 

E (iKzllino.)) ^ E (|l4„„zllino.)) 

for some subsequence (nfc)fc>i. 

Since c 0^~^, for any n, m G M satisfying ^ we deduce 

from dm) and that 


^ 0 


Let m —> cx). Using the monotone (increasing) convergence theorem, we 
obtain 

E{\\v‘cJl,io)) < C /‘*B(||Z(<i)||«,,, (3.21) 

'J 0 

Fix p G ]0, Tq{(3, h) A 7[. By Fatou’s Lemma and (jd.bj) . 


^G,z\\p,q,Om) ^ ^ 

< C lim inf / dsU [ ||Z(s)|| 
1^00 Jo \ 


WP’i{On 




(3.22) 
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for some subsequence Since Om C (9* ^ for ^ we 

obtain 

E {\\v‘o^zt,.o„) < C f‘dsE . 

^ 0 

Let m ^ oo. Using monotone convergence, we obtain 

E {\\v‘aJ\l,.o) < C [‘dsE{\\Z(s)\\l,„,„,_.^) . (3.23) 

^ 0 

The inequalities and together establish (HI- This completes 

the proof of the theorem. □ 


Remark 3.3 Fix a bounded domain (9 C and assume that the stochastic 
process Z in Theorem 13.11 is such that the right-hand side of ()3.4|1 is finite 
for any t g] 0,T]. By the Sobolev embedding theorem (see for instance 
Theorem E.12 p.257]), Theorem 13.11 yields that, for each t E [0,T], a.s., 
X H-^ Vq z^x) is a-H51der continuous, with a E ]0, (7 A rq(/d, 6)) — Indeed, 
for any bounded or unbounded domain O C C C^{0), for each 

p<p-i- 

3.2 Regularity in time of the stochastic integral 

This section is devoted to the analysis of the Holder continuity in time of the 
stochastic integral process {vq z{x), t E [0, T]}, when x is hxed. Throughout 
this section, O denotes a bounded domain in and we shall make the 
following assumption on the integrand process Z: 

Assumption 3.4 For some fixed q G ]3, cx)[ and 7 G ]0,1[, 

sup E (\\Z{t)\\lz-,.,roT-t)) < 00 , 
te[o,T] ^ 


Notice that Assumption 13.41 implies (j3.3j) . Therefore, by Remark 13.31 it 
makes sense to hx the argument x E O m the stochastic integral process. In 
addition, by the above mentioned Sobolev embedding, there is C < cxo such 
that the Holder norm || ■ \\cp{o) is bounded by a constant times the Sobolev 
norm || ■ ||vi/^,?(c)), provided p g] 0,7 — |[. In particular, for any stochastic 
process Z satisfying Assumption 13.41 one has 

sup E{\Z{t,x) - Z{t,y)\^) < U|x 
te[o,T] 


26 


By Holder’s inequality, we deduce that for q GjO,^], 

sup E{\Z{t,x) - Z{t,y)\'^) <C\x (3.24) 

te[o,T] 

for any x,y E p G ]0 ,7 — g G ]0, g], with a positive constant C not 

depending on x, y or q. Moreover, 


sup sup E{\Z{t,x)\'^) < 00 . (3.25) 

t£[0,T] xSOT-t 


Theorem 3.5 Let T{f3,6) = A ^ and let Z be a stochastic process 
satisfying Assumption \3.4\ for a fixed q g] 3 ,cx)[ and 7 G ]-,![. Then the 
stochastic process {vq ^ ^ [ 0 )^]} ^ satisfies 

snp E - v\. z{x)\i) < C\t - i\P^, (3.26) 

x£0 ^ ^ 


for each t,t E [0, T], any q E ]2, g[ and p E ]0, (7 — ^) Ar(/3, (5)[. Consequently, 
the process (vQz{x),t E [0,T]^ is a.s. a-Holder continuous in t, for any a E 
]0,((7-f)Ar(/?,5))-f[. 

Proof. Let Om be the open sets defined at the beginning of the proof of 
Theorem 13. H and set kn = 1 + 7 - Recall that c ifO<s<t<T 

and - < —. 

n m _ 

Set p = g/2, p G ]1, oo[ and fix 0 < t < t < T. The first part of the proof 
is devoted to showing that there is C < cx) such that for all m eN, 


sup sup E ({'i 

n>mT xGOm 


G„,z(^) (3.27) 


with p g]0,2((7 — ^) Ar(/d, (5))[, where the Gn, n > 1, are defined in (12.Ij) . 
Indeed, for x E Om, consider the decomposition 


E 


(I 


-'Gn.Z 


(X) 


— V 


t 

Gn,Z 


<c(r;‘(«,i» + rf(i,i,x)), 


where 


Tf{t,t,x) = ~ 

T^{t,t,x) = e(( [ j {Gn{f-s,x-y)-Gn(t-s,x-y)) 
\^Jo 2r3 

X Z{s,y)M{ds,dy)y^y 
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Burkholder’s inequality yields 


Tl'{t,t,x) < C e( [ ds [ dy [ dz Gn{t — s,x — y)Gn{t — s,x — z) 
V Jt 

X fiy - z)Z{s,y)Z{s,z)'^ 

= G El ds dy dz GGs, x — y)Gn(s, x — z) 

\ Jo iR3 iR3 

X f{y - z)Z{t - s,y)Z{t- s,z) 


Set 


y"'{x,t,t) = [ ds f dy f dz Gn{s,x - y)Gn{s,x - z)f{y - z). 
Jo Jr3 Jr3 

By Assumption 12.41 and Lemma 12.21 


sup sup fE{x, t,i) < [ ds [ d^ < G\t — t\ 

n>l xeR3 Jo 4r 3 l^l-i 

Hence, applying Holder’s inequality and using we obtain 

sup sup Tl^{t,t,x) < G\t — 

n>mTxGOm 


13-/3 


(3.28) 


where G does not depend on m. 

We now study the contribution of T^(t, t, x). We proceed hrst in a manner 
analogous to the proof of Theorem 13.11 After having applied Burkholder’s 
inequality, changed variables (using (I2.3j) l and rearranged terms, we obtain 


< CY,E, 

i=l 


where 

t, a:) = ds du dv Gn(t — s,u)Gn(t — s,v)ri(t,t, s, x,u,v), 
Jo 2r3 2r3 

and 


ri(t, t, s, X, u, v) =f f - u 


Z{s,x - u) — Z{s, X — u) 


t — s 


t — s 


X (z{s,x — - - v) — Z[s,x — v)\, 
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r2{t,t,s,x,u,v) = 


X Z is, X — - - M j iz{s,X — - - v) — Z{s,x — v)j , 


r 3 (t,t,s,x,u,v) = 




t - S „ f t - s 
-f [v- - - U 


t — s" 


t — s 


X Z{s,x — v) (z{s,x — - — -u) — Z{s, X — u)j , 


r^^t, t, s, X, u, v) = 


t-s\ , t-S. t-s^ t-s 

I 1 - [v - - 1 I :- v - u 


t — s ^ 
i — s 


t — s 


t — s \t — s 




X Z{s, X — u) Z{s, X — v). 


Set 


= [ du [ dv Gn(t — S,u)Gn{t — S,v)f i -U — M I - . 

Jr3 7k3 \t — s J t — s 

By Lemma Eini we can apply Holder’s inequality and then Schwarz’s inequal¬ 
ity to obtain 

p-i 


E (\R^’'^{t,t,x)\^^ < [^sup sup 

^ ' \n>l 0<s<t<i<T J 


X [ ds [ du ( dv Gnit — S, u)Gn{t — s, v)f ( - V — u 

Jo JR3 JR3 \t — S . 


t — s 

X - 

t — s 





— Z{s,x 



1/2 


X 




t — s \ 
s,x- ^ 


Z(s, X 



1/2 
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By ()3.24p . for p e]0,7 
by 


— the product of the last two factors is bounded 


t — s 


t — s 


t-t\ 
t — sj 


2pp 

\u\PP\v\f^P. 


Since for any t G (0,T], supp Gn{t,-) C (|m|| n|/|f — in the 

last integral is bounded by a hnite constant. Therefore, by Lemma EISl 


sup sup E < C\t — snp sup 

n>mT xGOm ^ ^ n>l 0<s<t<f<T 

< C\t - (3.29) 


with p e]0 ,7 — ^[ and C does not depend on m. 

Taking into account the result proved in Lemma fb.41 and using the quan¬ 
tity U 2 {t,i) dehned in that lemma, we apply hrst Holder’s inequality, then 
Schwarz’s ineqnality, to obtain 

E (\R'^’'^{t,t,x)\^^ < (^' 2 (^ 5 ^)^”^ [ [ dv Gn{t — s,u)Gn{t — s,v) 

^ ^ Jo JR3 JR3 


X 


/ 




t — s 
t — s 


f 



X 




t — s \ 

s,x - u 

t-s ) 



1/2 


X 




t — s ' 

s,x - V 

t-s J 


Z(s, X 



1/2 


Then, by Lemma lOl (13.241) and ()3.25j) . 

sup sup E (\R^’'^{t,t,x)f'] < G\t— (3.30) 

n>mTxGOm 


for any a g] 0, 1[ with a + f3 g]0,2[, p g]0,7 — ^[, and G does not depend 
on m. The same result holds for the term t, x). 
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Using Lemma Ff).51 and the quantity (t, t) defined in that lemma, we can 

apply Holder’s inequality to obtain 


E (\R'^’^{t,t,x)\^') < (un(t,r)Y ^ [ ds [ du [ dv Gn(t — s,u)Gn{t — s,v) 

V / ./n ./tb 3 /tb 3 


X 


A‘^f{s,t,t,u,v) E {\Z{s,x - u)\P\Z{s,x - v)\P), 


where A'^ f{s,t,t,u,v) is defined in flb.ldj) . 

Finally, by Schwarz’s inequality, property and (I6.16|) . we reach 

sup sup E (\R‘^’^{t,t,x)\^) < (Fsup (z /3 (t, t))^ sup sup E (\Z{t,x)\‘^^ 

^ / 71^1 J-r-rr\T'l — i ^ 


n>mT x£0 


te[o,T] xeo^-^ 


< Glt-iYY 


(3.31) 


with a G ]0, (2 — / 3 ) A (1 + 5 )[ and G does not depend on m. Hence, ()3.28|1 - 
(ICTl) establish 

The second part of the proof consists in deducing from (HOTIl . To 

this end, we first prove that for any fixed m G N and f G [0, T] zi 
mT) is a sequence of bounded and equicontinuous functions defined on Om 
with values in for any q G [1, q]. Indeed, from (I3.18j) and (jsini) together 

with Assumption 13.41 and the inclusion (9*“®, we see that 


sup sup sup E (\\v*a , 

m&n n>mT te[0,T] ^ 


< 00 


(3.32) 


for any p G]0,po[, with po = '^ f\ Therefore, the Sobolev 

embedding yields 


sup sup sup e(\\v^^ zWhiOm)) 
mGNn>mTte[ 0 ,r] ^ ' 

for any p G ]0, po — “[• Consequently, for any x,y E Om, 


sup E - VG^ ziy)\Y < C\x - 

n>mT ^ ' 


(3.33) 


for every q G [i-,q], where G does not depend on m. This establishes the 
desired boundedness and equicontinuity properties. 

We now establish a uniform convergence result. The convergence fl3.2njl 
implies the existence of a subsequence (n^, k > 1) and a Lebesgue-measurable 
subset N C Om with null Lebesgue measure such that for any x G Om \ N, 

Yi^E (\Yg^^^z{x) - Yg^z{x)\^) = 0 - 
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The property (IH.HHIl yields sup„>^ 2 ’-^(l'^G„ z(^)n < Hence, by uniform 
integrability, for any x G Om \ N and for any q E [ 1 , q'[, 


\imE - 4,z(a;)r') = 0. 


(3.34) 


Thus, we have proved that the bounded and equicontinuous sequence 
i'^Gn zt ^ ^ 1 ) of functions converges pointwise in on a dense subset 

Om \N of Om- Therefore, since Vq ^ is L^(r2)-continuous (see Remark l3.3j] . 
we have 

lim sup E {\vlzix) -v\.zi.x)f) = 0- (3-35) 


xGOn 


(see for instance jHl Ch. VII]), that is, {vQ„f.,z^ k E N) C C{Om, L'^{k^)) 
converges uniformly to Vqz- 

Clearly, for any m eN and t,t E [0, T], 


sup E (iv^czix) - VGzix)\‘^) 

xeOm ^ ' 


(3.36) 


i=l 


where C does not depend on m and 

Ai{t,i) = snp E (\v^G,zi^) -^ 


xeOn 

A 2 (t,t) = sup sup E(|nh ^(x)-nb ^(x)|^') , 

A3(t,i) = sup E fjvi z(x)-v*G,z(^)i'^) ■ 

By fl3.36j) , fj3.35j) Bdici (II2ID, we obtain 

sup E (\v\. zi.x) - v\. zi.x)\^) <C\t- t\P\ 

for any p E ]0, (7 — |) A r(/d, 5)[. Since C does not depend on m, Om can de 
replaced by O in the inequality above and this establishes dSIlSD- □ 


4 Path properties of the solution of the sto¬ 
chastic wave equation 

This section is devoted to studying the properties of the sample paths of the 
stochastic wave equation in spatial dimension three. More precisely, consider 
the s.p.d.e. 

- A j u{t, x) = a {u{t, x)) F{t, x)+h {u{t, x)), t E ]0, T], x E M^, (4.1) 
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with initial conditions u{0,x) = Vo{x), ■^u{0,x) = Vo{x). We are interested 
in the solution u{t, x) of this equation for (f, x) G ]0, T] x D, where D denotes 
a bounded domain of included in the ball for some mo > 0. 

For any a > 1, set 


(t) = { 2 / e M' : d{y,D) < aiT - f)}, t G [0,T], 
where d denotes the Euclidean distance. Notice that 1 1 —>■ is decreasing. 


4.1 Existence, uniqueness and moments 

Recall that the solution w of the homogeneous wave equation with the same 
initial conditions as u is w{t) = ^G{t) * uq + G{t) * ho- We are mainly 
interested in the solution of iH) for {t,x) E [0,T] X D, though we will need 
to construct the solution in a slightly larger set that contains the “past light 
cone” of {T} X D. Therefore, we term a solution of the s.p.d.e. (14.Ij) “in D” 
a stochastic process (u{t)lxp(^t)^ t G [0,T]^ with values in satisfying 




(4.2) 


a.s., for any t G [0,T]. The integrands in o have compact support. Fur¬ 
ther, the support of the measure G(t — s) is the boundary of the ball Bt-s{0). 
Therefore, if x E Kff(t) and x — y E dBt-s{0), then d{y,D) < d{y,x) + 
d{x, D) <t — s + a{T — t)< a{T — s). Conseguently, y E Kff{s). Therefore, 
{Kff{t)y~^ C Kff{s) and so is coherent. 

The stochastic integral in is to be considered in the sense of Q 

Section 2]. We note that we have introduced the indicator functions 
in order to use this particular stochastic integral, which reguires that the 
integrands be sguare-integrable over all o/R^. 

Concerning the pathwise integral, we now give some details. Let {Z{s), s E 
[0,T]) be a stochastic process taking its values in L^(R'^) satisfying 


sup E (\\Z{t)\\l 2 (^^)) < 00 . 

4G[0,T] ^ ^ 


(4.3) 


Let G : [0,T] —> 5'(R‘^) be such that for any s E [0,T], EG{s) is a function 


and 


L 


■T 


ds sup |jFG(s)(^)p < cx) 


(4.4) 
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(notice that the fundamental solution of the wave equation satisfies this con¬ 
dition). Then for any t G [0,T], 

4,z(a^) := / ds (G'(s) * Z{s)) (x) 

Jo 

defines a function in a.s.. Moreover, 

\\JG,z\\hm <t [ ds sup |J^G(s)(OP ||^(s)||i 2 (R.), 

hence 

E (ll4,zlli.(i.-)) < tf * sup |^G(s)K)pB (||Z(s)I|!.,r.,) . (4.5) 

For higher moments, assume that d = 3, {Z{s), s G [0,T]) takes values 
in for some q G [l,oo[ and that G(t) is the fundamental solution of 

the wave equation in Then, Fubini’s theorem and the facts that G > 0 
and supp G{s) = dBs{0) imply that 

l|G(s) » Z(s)||«,,D, < = s«||Z(i,)r„,o.,. (4.6) 

From Holder’s inequality, it follows that 

E{\\J‘cJ\Uo))<cl)d.s (^f^G{s,dv)f E{\\Z{.s)\\l,f„.,). (4.7) 

The next theorem gives existence and uniqueness of the solution of equa¬ 
tion \4-^ and states some of its properties. Notice that in comparison with 
Theorems 9 and 13 of we allow a non vanishing coefficient b and avoid 
introducing a weight function. 

Theorem 4-1 Let cr, 6 : M —> M be Lipschitz continuous functions, v^, Uq be 
real-valued functions such that Vq is of class G^ and Vq G for some 

q G [2, cxd[. Then there exists a unique process (u{t)lxp(^^■^, t G [0,T]^ with 
values in satisfying equation Ml- 

Moreover, for any t G [0,T], 

B(ll'“(<)III.(A'i>«))) :SG(1+ /.(()), (4.8) 

with 

Ia{t) ■= \\'^o\\%(^(^KP{t)Y) + (4.9) 
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As a consequence, 


sup E < C{1 + J), (4.10) 

ie[o,T] ^ \ \ Dj 

where K^{t) = K^{t) and 


Before proving this theorem, we state some results concerning the ini¬ 
tial conditions. First, we notice that under the hypotheses of the previous 
theorem, J and Ia{t) ore finite for any a > 1 and t G [0,T]. 

For Vo G it is well-known that 

^G{t) uo = 7 (^^o * G{t)) + ]- f (Aro)(- + ty)dy, (4.11) 

dt t AtT J\y\<l 

(see for instance m). 

Lemma 4-2 Let vo,vo real-valued functions and O be a bounded domain 

o/M^, 

(a) Suppose that Vq G G'^{0'^). Then for any t G [0,T], 

< G (||'yo|li9(ot) + II, 

Li{0) 

for any q G [2, cx)[. 

(b) Assume that Vq ^ for some q ^ [2,cxd[. Then for any t^ [0,7"], 

||G(t) ^VoWhiio) A ||7o||l'j(0‘)- 


4g(() , 


Proof: By dCT ), 


d 

dt 


G(t) * Vo 


<? 

L'J(O) 


< G (A(t) + B(t)), 


where 


A{t) 


]{vo*G{t)) 


1 

Li{0) ’ 


Bit) 


1 

F 



9 

L<i{0) 
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Inequality (O yields 

Ait) < ^ (^J^^Git,du)'^ IkollL(ot) = ll'yollL(ot)- 

Similarly, 

Bit) < C'||Avo||i,(ot), and ||G'(t) * vo|Im(o) < PoWh^o^)- 
This proves the lemma. □ 

Proof of Theorem mu Consider the Picard iteration scheme given by 

u^it, ■) = ^Git) * Vo + Git) * Vo, 

and, for n> 1, 

u^it,-)lKp^t)i-) = lKpit)i-)(u^it,-) + J^^Git - s, ■ - y)a (u^-\s,y)) 

X ^Kp{s)iy)Mids,dy)^ 

+ ^Kp{t)i-) f ds Git - s) * (b (u"‘ ^(s, •)) (■). 

For n > Q, set v"'(f, •) = v"(f, •)lxD(i)(-). Lemma \4~^ with O := Kffit), 
along with the inequalities \d. 21\) and \4-I\l applied to Z(s) := g (v"'“^(s, •)) 
with g = a and g = b, respectively, and the Lipschitz properties of a and b, 
tell us that for any n > 1, 

E (ll«”(*)r„«{.K,,) < Ch(i) + Cl l‘dsEifpxl,,.,,,(x)(l + 

< C/„(() + Cl Ids (l + B (ll«”-‘(s)lll,(K-.„(i,))) . 

Notice that v°(f, = v°(f, •)lxD(t)(-) and by Lemma \^~^ 

^(il^^°WIIL(i^«(i))) = (ll«°WIIL(xf(t))) < C Ut) < oo. 

Thus, we obtain existence, uniqueness and U-^ using arguments similar 
to those in the proof of Theorem 9 in based on GronwalTs lemma. 

A priori, the solution should be written (va(f)lxD(i), t G [0,T]). However, 
Uait) does not depend on a. Indeed, for I < a < b, both iuait)lKpg), t G 
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[0,T]) and t G [0,T]) satisfy so uniqueness for a 

implies that Ua{t)lKpi^t) = '^bit)^Kp{t)- 

We now prove iirm - For any m > 1, set Dm = {x & D ■. Biim{x) C D} 
and Om := 1 + We notice that for any m > T — t, and t G [0,T], 
the set {Kff^{t)Y is included in . Consequently, lamif) < J■ Moreover, 
the sequence of sets Kffj^it), m > 2{T — t), is increasing and UmK^j^it) = 
K^{t). Hence, iirm follows from by letting m tend to oo. □ 


4.2 Regularity in the space variable 

The solution of equation (O can he approximated by a sequence of solutions 
of similar equations obtained by regularising the fundamental solution G in 
the term involving a stochastic integral. More precisely, let Gn(t, x), n > 1, be 
as in /fO) . fix a bounded domain D satisfying the conditions described 
at the beginning of the section and set, for any a > 1 and n with 1 + ^ < a, 


Unit, x)lxp(t'j(^x) 



G{t) * Vo + G{t) * Vo 


(x) 


+ Gn{t - s,x- y)a {un{s, y)) dy) 

+ ^KP(t){x) f ds (G{t - s) * (b{un{s,-))lKp(s){-))) (x). (4.12) 

^ 0 


Since Gn is smooth, the stochastic integral in iHf is considered in Walsh’s 
sense In particular, we could remove the and lKi^{s){y) from 


Proposition 4-3 Let a, b, vq and vq he as in Theorem \4.1\ Then there 
exists a unique process {unit, ■)lKp(^t){')y t ^ [0)^]} solution of \4.1^ , and 
this process is such that for q G [2, cx)[, 


Moreover 


sup sup E (\\Un{t)\\fr,j^oa))) 

n>(a-l)-l t£[0,T] ^ \ a \ ))/ 


< oo. 

(4.13) 

)=o. 

(4.14) 


Proof: The proof of existence, uniqueness and can he obtained using 

arguments similar to those applied in Theorem \4.1\ taking into account (Hg;. 
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To prove Ii4.14{ ), we apply the L'^-estimates of the stochastic and the path- 
wise intearals aiven in \H. 21\) and respectively (with G replaced by Gn)- 

Let n > 1 be such that 1 + - < a; then 

— ' n. — ’ 


(A'f c A-f (s), 


(4.15) 


for 0 < s < t < T and we obtain 

<G f dsE{\\ {Un{s)-u{s)) \\l,^^KP{s))) 
0 

where 


Mn{t) = E 


f [ {G„(t 

Jo Jr 3 V 


y) - G{t - s, ■ - y 


X (^{u{s,y)'^lKp(^s){y)M{ds,dy) 
= E{\\vg„,Z - (t)))i 




(4.16) 


and Z{s,y) = a{u{s,y))lKp(^,){y). 

We shall show that 

lim MJt) = 0. (4.17) 

n^oo 

Since follows from this property, and GronwalTs lemma, the 

proposition will be proved. 

To prove we check first the case q = 2, that is, 

li^E{\\vG„,z - VG,z\\l2(^Kp(t))) = 0 - ( 4 - 18 ) 

Indeed, 

E{\\vg„,Z - VG,z\\l 2 (^Kp,^t))) = E{\\vG„-G,z\\h{KP(t))) 

< E{\\vGr,-G,z\\h{R3)), 

and by the isometry property jn of the stochastic integral, this is equal to 


fds [ dfE{\EZ{t - s)(On fyidv) \E{Gr,{t -s)- G{t - sM - v)\"- 
Jo Jr3 Jr3 

Notice that the integrand converges to 0 pointwise, and therefore the integral 
converges to 0 by the dominated convergence theorem, since the integrand is 
bounded by 

m\rz(t-s)(m\rG(t-s)(i;)f 
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and bv the Livschitz nroveriv of a. \3.1tA) and 

f ds [ diE{\:FZ{t - 5)(0n / \EG{t - s){i - 

Jo JR 3 Jr 3 

< f cisE(||Z(t-s)||^ 2 (R 3 )) sup [ ji{dr])\EG{t-s){^-r])\‘^ 

Jo 5gR3 JR3 

< G f ds{l + E{\\u{t - s)lR:D(i_s)||i 2 (R))) 

'J 0 


< +CXO. 

This establishes urm . 

In order to deduce Ii4.17}) from EJ^’ the fact that L"^-convergence 

(onVLxK^ it)) together with L'^-boundedness (forallq), implies L^-convergence. 
In particular, it now suffices to show that 

sup E{\\vl.^ z\\l,(Kp(t))) < +00- (4-19) 

n>(a—l)“l “ 

By IJ.lSl) with Om replaced by Kff{t), we obtain using that 

Ei.\Wc,.z\\l„KSi,)J S C'jf‘<;si5(||Z(s)||«.,^„,.„). (4.20) 

The right-hand side of is finite by the Lipschitz property of a and 

EEl- The proposition is proved. □ 


The next lemma completes the study of the initial conditions needed in 
this section. 

For a given real function v defined on a bounded domain C> C and for 
7 g]0, 1[, we denote by ||u||c 7 (c)) the ■y-Holder semi-norm on O, that is 


v\\c^{0) 


sup 

x,y£0;x^y 


v{x) -v{y)\ 
\x-y\^ 


Lemma 4-4 Let Vo,Vo be real-valued functions. Assume that vq G 
Avo is 'yi-Holder continuous and vq is 'y 2 -Hdlder continuous for some fixed 
7 i ,72 g]0, 1[. Then, for any q G [2, cx)[, t G [0,T] and any bounded domain 
O, there is a positive constant G depending on q, t and O such that for every 
Pi G]0,7 i[ and pa G]0,72[, 

< E (lbo||pi,q,oi + 112^^^011^71(0*)) 

pi,<i,o 


^G{t) * Vo 
dt 
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and 


||G(t) *Vo\ 


P2,q,0 — C72(0*)- 


Proof of Lemma \4.4\ We start by checking the first inequality using the basic 
identity Set A[x) = j(vo * G{t)){x). Holder’s inequality with respect 

to the measure G(t,du) and the properties of Vq yield 

\\M-)\\lq,0 < ^ \\M- - u)\\lq^o 

= C\\V0\\l,,q,o^, 

for any p G ]0,1[. 

Let us now consider B{x) = Avo{x + tz)dz. The Holder-continuity 
property of Avq implies that 

ll^(■)llp,g,o < Il^^oilc7i(ot) / dz f dx f dy\x-y\^^^~^~l^‘^ 

JO JO 

— ^ ll^'^o|lc7l(C)*)5 

if p & ]0, 7 i[. This ends the proof of the first inequality in the lemma. 

We now prove the second inequality. Set R{x) = {G{t) * 'i)o)(2^)- for 
A{x), Holder’s inequality along with the Holder-continuity of vq yield 

\\Ri-)\\lq,o < \\vofc^ 2 io^) J^dx J^dy\x - 
— ^II'^o|Ic72(0*)’ 

if p G ]0 ,72 [. The proof of the lemma is now complete. □ 

Remark 4-5 Assume that the hypotheses of Lemma o are satisfied. Then 
those of Lemma |^.i^ hold for any q G [2,cxo[. Consequently, the solution of 
the deterministic wave equation in dimension d = 3, 

with initial conditions Vq^Vq, is a function t G [0,T] i—^ w{t), such that each 
w{t) takes values in for any q G [2, cx)[, 7 g] 0 , 7 i A 72 [ and every 

bounded domain O . In other words, w(t) belongs to 
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Indeed, 


w{t) = * ^^0 + G{t) * Vq 

and the above-mentioned two lemmas establish that 


sup 

te[o,r] 


^G(t) *vo + G{t) * vq 
dt 


< oo. 




We are now in a position to give the sample path behaviour in the x- 
variable of the solution of (Ef- In the next statement, a > 1 is a real 
number. 

Theorem 4-6 Fix q G [2,cx)[ and assume that := A ^ 

Suppose also that 

(a) a and b are Lipschitz continuous functions, 

(b) Vq, Vo are real-valued functions, vq G and Avq and vq are 

Holder-continuous functions of order 7 i, 72 G ]0,1[, respectively. 

Set 

x) = l^-^Git) * uo + G(t) * (x). (4.21) 

Then, for any t G [0,T], 

sup E ^ C* (1 + \\u it)\\'w-i.‘i(KP(t))} ’ 

for any 7 e ]0, 7 i A 72 A (r(/3, 5) - |) [, and 

E < C" (1 + • 

As a consequence, 

sup E (i|M(t)||^7..(i^D(p)) < C" (1 + j) , 

te[0,T] ^ V w;/ \ / 

where K^{t) = Kf^{t) and 

J ~ II'^o||^ 7,9(D^) ll'^'^oilig(£)T) + ll'^o|lig(£)T) 

+ II^'^o|Ic7i(DT) + II'^o|Ic72(D^)' 

In particular, for every 7 g]0,7i A 72 A t{P,S)[, there exists q g]1,cxd[ 
large enough so that 


(4.22) 


(4.23) 


(4.24) 


sup E (i|M(t)||^7..(i^D(p)) < C" (1 + j) . 

tG[0,T] ^ V w;/ \ / 


(4.25) 
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Proof: For n > 1, consider the Picard iteration scheme corresponding to 
equation That is, u^{t, x) = u^{t, x), defined in and, form > 1, 

Un{t,x)lKPit}{x) = ul{t,x)lKp^t}{x) 

+ ^KPit){x)l^ I^^Gnit-s,x-y) 

X ^ (“n “^(s, y)) ^Kp{s){y)M{ds, dy) 

+ ^Kp(t){x) [ ds (G{t -s)*h (u^~\s, •)) lico(.)(-)) (a^)- 
Set 

Clearly, form> 1, Rn^nit) < W), with 


= e(^ 

Tffi^^P^\t) = E(\\J[ 




■t \\q 


and If’ (t) — \\u^\,>'j\\yy~t,q(^xp{t)) 

]0, 7 i A 72 [ and a > 1, 

sup P’^{t) < oo 

t£[0,T] 


It follows from Remark m that for 7 G 

(4.26) 


Let g be a real-valued Lipschitz function. We shall show that the process 


satisfies the following properties: 

(^) SUp„,^>i SUPig[o,r]^ (ll^«“H^))IIL(J^D(t))) < OO; 
(a) for any 0 < s < t < T, 


E(\\gK-' 

< CE 






u 


m—l 

n 


9 A 

'y,q,KFis)) ’ 


(Hi) for any 0 < s < t < T, \y\ <t — s. 


E (lk(C '(s, • - y))^Kp(s){- - y)\\lq,KPit) 


< CE {\K-^ 


'y,q,KS{s)) ■ 
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Indeed, g has linear growth and using the same proof as in Theorem \4.1\ with 
G replaced by Gn, we see, as in that 

sup sup E < oo. 

n,m>l te[0,T] ^ \ a \ )!/ 

which proves (i). 

To prove (ii), we use cn and the Lipschitz property of g to see that 


= E 






< CE (ii«r‘( 


= CE 


To prove (Hi), let 0 < s < t < T and \y\ < t — s. A change of variables 
yields 

\\g{u)(-\s,- - y))lKp(^s){- - y)\\lg,KPit) < ll^?(“n”'(s))W(.)(-)ll7,9,(ic«(t)p-.- 

Then (Hi) follows from the set inclusion {Kff{t)y~^ C K(f[s) and the Lips¬ 
chitz property of g, in a similar manner as (ii). 

Lemma fTB. and more specifically (Hi;, applied to the stochastic process 
Z{s) = a{u'f(-^{s))lKp(^s), s e [0,T], O = K^{t) and p := 7 yields 

By the properties (i), (ii) proved above with g = a, we obtain 

Tffg’\f) <G^ + G2 ['dsR^-^’^’^{s). (4.27) 

Holder’s ineguality and property (Hi) with g = b imply 


E ( \\J( 




< CI) G(t - s, dy)E (||6(t<r‘(g, • - y)) 1a'{>(.)(- - g)ll7.Af(,)) 

< c/'*£(!!<-■ wilUf,,,,). 
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Thus, owing to (i), we have 


<c, + C 2 t ds (4.28) 

JQ 

Hence, the sequence of functions (^Rff’^’^{t), t G [0,T], m > 1^, 7 g] 0 , 7 iA 
72 A {t{P,S) — ^)[, satisfies the inequality 

< c ( 1 +7'°(i)+ 1‘ ds flr. 

By Gronwall’s lemma, we obtain 

sup < c (1 + /2'®(«)) 

n,m>l 

and 

sup sup R^’'^'^{t) <c(l + sup if’^it)] 

n,m>lte[0,T] V tG[0,T] / 

The Picard iterates satisfy 

lim sup E (\\{u^{t) - = 0. 

°°te[o,r] ^ ^ 


(4.29) 


Indeed, this can be proved using the same arguments as those of the proof of 
Theorem \4-l\ 

Therefore, li4.2^ follows from Ii4.2y[ ) and Patou’s lemma. Similarly, 
follows f rom Proposition^^ and Patou’s lemma. 

To establish ^4-^4l )j apply the same arguments as for the proof of U-HI}) 
in Theorem EH to check that 

JUP]^(i|w(^)ll?,9,i^D(p) < <^(1^0117,9 + ll^'^oilc7i(£)T) + ll^o|lc72(_Dr)) • 


This fact together with finishes the proof. 

Pinally, is a consequence of Ii 4 . 24 }) , since q in \ 4 - 24 \l can be arbi¬ 
trarily large. □ 

An important consequence of Theorem \4.6] and the Sobolev embeddings is 
the following. 


Corollary ^.7 Suppose that the hypotheses of Theorem are satisfied. 
Then for any fixed t > 0, a.s., the sample paths of (u{t, x)lKD(^t){x), x G 
are p-Holder continuous with p G ]0 ,71 A 72 A r(/3, 5)[. 
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We also notice that for any q G [2, cx)[, 

sup sup E {\u{t,x) — u{t,y)\'^) < C\x — (4.30) 

tS[0,T] x,y£K^{t) 

for any p G ]0,71 A 72 A r(/3, 5) [, and 

sup sup E {\u{t, x)\‘^) < 00 . (4-31) 

te[o,r] x&KD(t) 

Remark 4-8 Notice that Holder regularity in the space variable is the same 
as that for the solution of the stochastic heat equation in any dimension d > 1 
(see Theorem 2.1). 


4.3 Regularity in time 

Our next aim is to analyze the behavior in time of the solution of Ii4.2^ . We 
begin by studying the properties of the term corresponding to the contribution 
of the initial conditions. 

Throughout the section D is an arbitrary bounded domain ofM.^. 


Lemma 4-9 Let Vq, Vq be real-valued functions. 


(a) Let Vo G be such that Avo is ■ji-Holder continuous for some 

7i g]0, 1]. Then, the mapping t h- >■ {■^G{t) * vo){x) (t < T) is also 
--yi-Holder continuous and 


(b) 


sup 

xGD 


jG{-)*vo){x] 


< C sup |Vuo(|/)| 

CU([0,T]) \y&DT 


il‘^'i^o||cT'i([o,r])j • 
(4.32) 


Therefore, its Holder semi-norm is uniformly bounded in x E D. 

Assume that vq is 72 -i/oWer continuous, for some 72 g]0, 1]. Then the 
mapping t h->■ {G{t) * Vo){.x) (t <T) is also ■j 2 -Hdlder continuous and 


sup ||(G(-) *'yo)(a;)||c72([o,T]) < C" sup |uo(a;)| + ||'i)o||c^2(D^) • (4.33) 


x£D 




Hence, its Holder semi-norm is uniformly bounded in x E D. 
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Proof: We check (a) by studying each of the terms on the right-hand side of 
EH. Fix t, t G [0, T] and x E D. Then 


Ii{t,t,x) 


j{G{t)*vo){x) - ^{G{f)*vo){x) 


- m) - Vo ^ 

where we have used (HI). The mean value theorem yields 

Ii{t,f,x) \ < 7 / G{t,du) sup (|Vvo(2/)|) |v| ^ 

t JR3 y£DT t 

< G sup |Vvo(l/)| 

y&DT 


(4.34) 


since G{t, ■) is concentrated on Bt{0) and has total mass t. By the Holder- 
continuity property of Avq, 


l2{t,t,x) : = 


(Avo(x + ty) - Avo{x + ty))dy 


y|<i 

< ||Atlo||CT(D’')|* - iP’i 


(4.35) 


The estimates and the identity HU yields the result stated 

in (a). 

Let us now prove (b). For any t,f E [0,T], 

hit,t,x) := |(G'(t) *Vo)ix) - {G{i) * Vo)(2:)| 


J^ G{t, du) f vo(x — u) — vq \^x — -u 


t \ t 
t 


where, in the last eguality, we have applied 
Hence 

hit, t, x) < 4(t, t, x) + /|(t, t, x), 

where 


llit,t,x) = / Git,du) 


t 


Vo(x — u) — Vq \ X — u- 


/|(t, t,x)= / G(t, du) |vo(x — v)| 


t 

1 - - 
t 
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Using the Holder-continuity property of Vq, we obtain 

Snpll{t,t,x) < C\\Vo\\c'r2(DT)\t - t\^U 
x£D 

Moreover, since Vq is continuous and has compact support, 
sup I^{t,t,x) <C sup |uo(a^)||^ — ^1, 

x&D x&DT 

and statement (b) is established. □ 

The next theorem provides upper bounds on L'^ -moments of time incre¬ 
ments of the solution of equation uniformly over x in bounded sets. 

We recall the notation t{I3,6) = A 

Theorem 4-10 Assume that 

(a) a,b are Lipschitz functions, 

(b) Vo, Vo real-valued functions, vq G and Avq andvo are Holder- 

continuous functions of order 71,72 G ]0,1], respectively. 

Then, for any t,f E [0, T] and each q G [2, cx)[, 

sup E {\u{t, x) — u{t, < C\t — (4.36) 

x^D 

where C is a positive constant and a G ]0 ,71 A 72 A r(/3, (5)[. 

Proof: Fix x E D and q E [2, cxo[. Then x E K^{t), for all t E [0,T], so by 
with a = 1, 


E {\u{t,x) - u{t,x)f^) < C'^Ti{x,t,i), 

i=l 
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where 






T 2 {x,t,r) = \{G{t) *vo){x) - {G{t) * vo)(a;)|^ 


T3{-,t,t) = J^^G{t - s,- - y)a{u{s,y))lKD^,){y)M{ds,dy) 


G{t - s, • - y)(j{u{s, y))lKD(^s){y)M{ds, dy) 


T^{x,t,t) = e(^J^ ds J^^G{t - s,dy)b{u{s,x - y))lKD(^,){x - y) 


- ds G{t-s, dy) b{u{s, x - y))lKD^s){x - y) 
0 ^ 


Lemma m yields 


sup {Ti{x,t,i) + T 2 {x,t,i)) < G\t - 

xeKO{T) 


(4.37) 


with «! G ]0, 7 i A 72 [. 

Let g be a real-valued Lipschitz function and set I := ]0 ,71 A 72 A r(/3, 5) [. 
We next show that 

(1) suptg[o,r] E (||c/(M(t))|ll 7 i^fl(i))) < 00 ; 

(2) for any j el,t g]0,T], 

sup E (^\\g{u{s))lKD^s)\\lq^^Ko^t)y-s) < 00 . 

sG[0,t] 

Indeed, (1) follows from the linear growth property of g and Theorem \4-l\ To 
prove (2), we notice that since {K^{t)Y~’^ C K^{s), the arguments in the 
proof of property (ii) in Theorem rpi give 

sup E (||^(M(s))li^i5(,)||^ g 

se[o,t] 

< G sup E , 

se[o,i] 
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and the conclusion follows from \4.25i) . 

By properties (1) and (2) above, we see that the stochastic process Z (s, y) := 
g{u{s,y))lKD(^s){y), (s,!/) G [0,T]xM^, satisfies Assumption \3.4\ with O := D 
and arbitrarily large q. By applying Theorem AS.,^ we conclude that for any 
ge[l,cx)[, 

sup T^{x,t,i) < C\t — , (4.38) 

x&KD{T) 

with Q !2 £ 

Finally, we study the contribution of T 4 ^{x,t,f). Assume t <t and con¬ 
sider the decomposition 


Ti{x, t,t) =C (T4,i(x, t,t)+ T4,2(x, t, t )), 


with 


T4^i{x,t,t) = e(^ Jm. 3 ~ b{u{s,x- y))lKD^^s){x - y) 
T4^2{x,t,i) = e(^ J ds J^(G{t — s,dy) — G{f — s,dy)^b{u{s,x — y)) 

Holder’s inequality, the restriction on the growth ofb and \4.31\) imply that 


supT4^i{x,t,f) < C\t — tl’^ ^ 

xGD 



< C\t - i\F 


(4.39) 


Notice that for x E D and y G i?i_s(0), x — y E K^{s), so (x — y) 

can be removed from the expression for T 4 ^^ 2 {x,t,i) when x E D. We split the 
integral in the definition of T 4 ^ 2 {x,t,f) into a difference of integrals and then 
we apply the transformations y h-> ^ and y 1 —*• respectively. We obtain 


Ti^2{x,t,t) 


= E 


ds / (^(1, dy) b{u(s, x 

Jbi(o) 

ds / G{l,dy)b{u{s,x— 
lo JBi{0) 


-{t- s)y)) {t 
{i-s)y)){f- 
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Hence T 4 ^^ 2 {Xjt,t) < C{T 4 ^^ 2 ,i{x,t,i) + T 4 ^^ 2 , 2 {.x,t,i)), where 


= \t-t\‘^E( f ds [ G{l,dy)b{u{s,x - {t - s)y)) 

\ Jo JBi{0) 

T422{x,t,i) = e( [ ds (t — s) [ G{l,dy) (b{u{s,x — (t — s)y)) 
’ ’ \ Jo JBi{ 0 ) ^ 

— b{u{s, X — {t — s 


Clearly, from \4.31\l and the linear growth property of b, it follows that 


sup T 4 ^ 2 ,i{x,t,t) < G\t — t\‘^. 

x&K°(t) 

Moreover, by \4.30i) and the Lipschitz property of b. 


(4.40) 


sup T 4 ^, 2 , 2 {x,t,t) < G\t-tf‘^ [ ds j G{l,dy)\yf'^ 
xdKOit) Jo JBi{ 0 ) 

<G\t-t\P‘^, (4.41) 


for any q E [l,oo[, p E I. 

Putting together ra and we obtain 

sup T 4 ^, 2 {,x,t,f) < G\t — tf^, (4.42) 

for any q E [1, oo[, p E I. Together with Hf.dyj ), this yields 

sup T 4 (x,t,i) < G\t — tf^, (4.43) 

xeK^q) 

for each q E [1, oo[, p eX. 

With the estimates and we obtain CT - □ 


We summarize the results of this section (Corollary 113 and Theorem 
\rm as follows. 

Theorem 4-11 Assume that: 

(a) The covariance of E is of the form given in Assumption \2.4\ 

(b) the initial values Vq, Uq are such that vq E C^(M^), and Avq and Uq 

Holder continuous with orders 71,72 €]0,1], respectively; 

(c) the coefficients a and b are Lipschitz. 
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Then for any q E [2, oo[, a & ]0, 7 i A 72 A r(/9, 5)[, there is C > 0 such that 
for {t,x), {f,y) e [0,T] x D, 


E{\u{t,x) -u{t,y)\'^) <C{\t-t\ + \x-y\fT (4.44) 

In particular, a.s., the stochastic process {u{t, x), {t,x) G [0,T] x D) solution 
of has a-Holdcr continuous sample paths, jointly in (t,x). 

Remark 4-12 Assume that the initial values Vq, Vq satisfy the conditions 
given in (b) above. With Remark m and Lemma m we conclude that the 
solution of the deterministic inhomogeneous wave equation (take a = 0 in 
\4-^ ) in dimension d = 3 is a-Holder continuous, jointly in (t,x), for any 
a e] 0 , 7 i A 72 [. 


5 Sharpness of the results 

We devote this section to showing that the results of Theorem \4.11\ on Holder 
continuity in space and time are optimal. To do this, we consider the special 
case of equation with vanishing initial conditions Vq, Vo; coefficients 

a = 1, b = 0, and covariance function of the noise given by f{x) = kg{x), 
with f3 G ]0, 2[. In this case, the solution of equation o defines a stationary 
Gaussian process. 

Theorem 5.1 Under the above assumptions on vq, vq, a and b, the solution 
u{t,x) to the stochastic partial differential equation has the following 

properties: 

(a) Fix t g]0,T] and a compact set K C There is a constant Ci > 0 
such that for all x,y E K, 

E (\u{t,x) -u{t,y)f^ > ci\x-y\‘^-f^. (5.1) 

Consequently, a.s. the mapping x h-> u{t, x) is not '^-Holder continuous 
for 7 > though it is for 7 < 

(b) Fix X G and to > 0. There is a constant C2 > 0 such that for all 
t,f E [to,^] with \f — t\ sufficiently small, 

E (\u{t, x) — u{t — x)|^^ > C 2 |t — t\^~^. (5.2) 

Hence, a.s., the mapping t 1 —^ u{t,x) is not '^-Holder continuous for 
7 > while it is for 7 < 
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Proof. For any x G set R{x) = E {u{t, x)u{t, 0)). Since 
E (|M(t,a;) - u{t,y)\^') = 2 (i?(0) - R{x - y )), 
it suffices to show that for any a; G 

R{0)-R{x) > 

for some positive constant Ci. Without loss of generality, we may assume 
that t = 1. 

We remark that R{0) — R{x) is a real number. Taking i2.,^) into account 
and integrating with respect to s yields 

RiO) - Rix) = ("dsf \TG{1 - s)(Ol' 

JO Jk3 




2 7 r 3 h 


sm(2|e|) \ 

2|el )' 


(5.3) 


where ^ ■ x denotes the Euclidean inner product of the vectors ^ and x. 

If |.^| > 1, then 1 — Thus, using the change of variables 

w = |x|^ and setting e = we obtain 


RW) — Rix) > - bP ^ / -j —(1 — cosiw ■ e)). 

Because x & K and K is compact, the last integral is bounded below by a 
positive constant, hence JO) is proved. 

We now prove (CH), assuming that to < t < t < T. In this situation, 

\2'' 


E (\u{t,x) - u{t,x)f^ = Ti{t,t]x) + T 2 {t,t;x), 


where 


Ti(t,t; x) = E j G{t — s, X — y) M{ds, dy)^ , 

T 2 {t, t;x) = E {G{f — s,x — y) — G{t — s,x — y)) M{ds, dy) 

Using again the explicit formula (HI) and integrating with respect to the 
variable s yields 

T,{txx) = l‘ds ^ \rG{t-smk 


1 


d^ 


2 Jr3 |,^P 4 


{t-t)- 


sin(2(t-t)|^|) ' 

2|el 
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With the change of variables w = (t — t)f, the last integral becomes 


\t-t\ 


3-/3 


dw ( sin(2|w|) 


/K3 \w 


5-/3 


1 - 


2\w\ 


which clearly yields 


Ti(t,t;x) > C\t — t\^ 
A direct integration in the variable s yields 


(5.4) 


T 2 (t,t]x)= / ds 


0 Jr 3 h 




> ds 


di 


0 


^(sin((t-s)|^|) -sin((t-s)|^|))^ 


di 




^-^{A{hf,f)+B{tXO). 


where 


AX f, 0 = * (1 - cos ((f -t)m + (1 - cos ((f - «)|{D), 




sin(2(t-t)|^|) sin((t-t)|^|) 


4|el 


2|el 


Changing the variable f into w = (t — t)f and bounding below the second term 
in A(t, f,f) yields 


df 




"—;A{tC,0 > l^-^l 


2-/3 


dw 


l\w\>l \w 


— (t(l-cos|w|)-(t-t)) 


5-/3 


>ki\t — t\‘^ ^ — k2\t — t\^ ^ 

(the last ineguality uses that fact that t > to > 0). 
Similarly, 


df 




B{t,t,0 > 


di 






dw 

y;|5-/3' 
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Therefore, 


T2{t,t]x) > ki\t -t\^ ^ - k'f\t -tf ^ 

where the last lower bound holds whenever \f — t\ < This finishes the 
proof of i5/A) . 

The statements concerning absence of Holder continuity follow from a 
well-known result on Gaussian stationary process (see for instance The¬ 
orem 3.2). We only give some details for the space variable, since the argu¬ 
ments for the time variable are the same. 

Assume by contradiction that for a fixed t G ]0, T], the sample paths x h-^ 
u{t,x) are 'y-Holder continuous for some 7 > so that for any compact 
set K C there is 0 < C{u}) < 00 with 


u{t,x) -u{t,y) 

- U— ^77- 

x,y£K,x^y y] 

This implies that the Gaussian stochastic process 

(u{t,x)-u{t,y) ^ 

\ \x-yfi 

is finite a.s., and even, by Theorem 3.2 of m that 

. \ 2 '^ 
u{t,x') - u{t,y')\ 


E ( sup 

.x,yeK,xj^y 


k - y\' 


< 00 . 


In particular, there would exist a finite K > 0 such that 
E(\u{t,x) < K\x-y\^^ . 

This clearly contradicts \5.1\) . □ 


Remark 5.2 Under the same assumptions as in Theorem \5.1\ for any fixed 
t g]0,T], a.s. the upper bounds on moments of increments of the process 
{u{t,x), X G M^) remains valid even for a = (this, however, does not 
yield an improvement in the Holder continuity of sample paths of this pro¬ 
cess). 

Indeed, by /TO) . we can consider the decomposition 
/2(0) - R{x) = rfix) + r 2 {x) + rfix), 
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with 




'l«l<i I'^l 


sin(2|e|) \ 

2|el r 


and r 2 {x) (resp. r^{x)) defined by the same expression, but with the domain 
of integration replaced by |^||a;| > 1 (resp. 1 < |.^| < \x\~^). Since 1 — cos(.^ ■ 
x) < Il'CPkP? clearly have ri(x) < C\x\^. Moreover, bounding above the 
products of trigonometric functions, we obtain 


r2{x) < C 


df 


.|>i h 


C\x\‘^-^ 


Finally, for |x| small, 

rsix) < C IxP / 
Ji 


df 




= C \x\‘^ (^|x| ^ — l) 


Conseguently, 

R{0)-R{x) < 


6 Integrated increments of the covariance func¬ 
tion 


In this section, we prove technical results on integrals involving regularisa- 
tions of the fundamental solution G and one and two-dimensional increments 
of f. Each of these results plays a crucial role in the proofs of section\^ 


Lemma 6.1 For any a g]0, (2 — /3) A 1[, there is C < oo such that for all 
x,y e M.^, 

sup sup In{s,x,y) < C\x - yl'', (6.1) 

n>i se[o,r] 

where 

In{s,x,y)= j du dvGn{s,u)Gn{s,v)\Df{v-u,x-y)\. 

JR3 Jr3 


Proof. The structure of the function f suggests the decomposition 
In{s, X, y) < ll{s, X, y) + J^(s, x, y), 
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where I^{s,x,y) (resp. I^{s,x,y)) denotes the same expression but with the 
factor in absolute values replaced by 

(p{x — y + v — u) \Dk/s{v— u,x— y)\, (resp. \D(p{v — u,x — y)\ki 3 {v — u)). 

Since the function ip is bounded, we can apply Lemma VJ.hV a) with d = 3, 
b := a, a := 3 — {a + P), u ■.= v — u, c ■.= \x — y\, x := to obtain 

l(,{s,x,y)<C\x-y\°‘ du dv Gn{s,u)Gn{s,v) 

JR3 JR3 

X / dwka+ 0 {\x - y\w + u - v)\Dk 3 _a{w,e)\, 
iR3 


where e = a + ^ G ]0, 2[. 

Observe that 

du dv Gn{s,u)Gn{s,v)ka+l3{\x — y\w + u — v) 

JR3 JR3 

2R3 

and this is uniformly bounded over s E [0,T] if a + (3 g]0,2[ (see \2.4\l . On 
the other hand, 

/ dw\Dk-i_a{w,e)\ < oo, 

JR3 

if a E ]0,1[, as it is proved in Lemma lEW b ). Consequently, 


sup sup ll^{t,x,y) <C\x -yf^, 

n>l t&[0,T] 


( 6 . 2 ) 


with a E ]0, (2 — /3) A 1[. 

The mean value theorem, the properties of ip and imply that 
ll{t,x,y) < C\x - y\ du dv Gnis,u)Gnis,v)kp{v - u) 

JR3 JR3 

<C\x-y\ [ \TG{sm\%-fs{Od^ 

2r3 

<G\x-y\. (6.3) 

The estimates and establish if). 1 \) . □ 


Lemma 6.2 For each a g]0, (2 — /9) A (1 + (5)[, there is G < oo such that 
for all x,y E 

sup sup Jn{s,x,y) < G\x - yl'', (6.4) 

n>l sG[0,T] 
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where 


Jn{s,x,y)= du dvGn{s,u)Gn{s,v)\D'^f{v-u,y - x)\. (6.5) 


Proof. Due to the structure of the covariance function f, it is easy to check 
that 

3 

D^f{v -u,y-x) = Y^ -u,y-x), 

1=1 

where 


f{v — u,y — x) = (p{v — u)D‘^kj 3 {y — u, y — x), 

— u,y — x) = Dlp{v — u,y — x) {Dkyiv — u,y — x) 
- Dkyiv -u,x- y)), 

A'^’^f{v — u,y — x) = kp{x — y + V — u)D‘^ip{v — u,y — x). 


Then, by the preceding decomposition, 

3 

Jn{s,x,y) <'^Jn{s,x,y), 
i=l 


where Jf{s,x,y) is defined in the same way as Jn{s,x,y) but with D'^f re¬ 
placed by A^’ 7 , i = 1,25 3- now estimate the contribution of each of 
these terms. 

Since ip is bounded, applying Lemma WfW c) and (d) with b := a, a : = 
3 — {a -\- (3), a -\- j3 e] 0,2[, u := V — u, X := y — X, and Ii2.4\), yields 


J^{s,x,y)<\x-y\°‘ duGn{s,u) dvGn{s,v) 

JR3 JR3 

X / dw ka+gdy — x\wu — v)\D‘^k3_aiw, e)\ 

2r3 

< \x — y\'^i sup du dv Gn{s,u)Gn{s,v) 

\ x^y,w 7 m 3 

X ka+g{\y — x\w + u — J 3 ^^ \D'^k 3 -a{w, e)\ 
<G\x-y\T 


( 6 . 6 ) 
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The properties of the function ip in Assumption \2.4\ imply that 
Jl{s,x,y) < C\x-y\l du dv Gn{s,u)Gn{s,v) 

JR3 JR3 

X Ikp^y — X + V — u) — kjs^x — y + v — u)\ 

< G\x - |/|(X, y) + X, ?/)), 

where 

Jl’^{s,x,y)= du dvGn{s,u)Gn{s,v)\Dk 0 {v-u,±{y-x))\, 

JR3 JR3 

Notice that x, y) coincides with the term /^(s, x, y) in Lemma UTTl when 

p = 1; similarly, J^’~^{s,x,y) = If{s,y,x) with p = 1. Consequently, 46'. ‘A) 
yields 

J^{s,x,y) <G\x-y\^^°, (6.7) 

with a G ]0, (2 — /3) A 1[. 

T/ie mean value theorem and the properties of p give 
\D‘^p{v — u, X — y)\ 

< \y — x\ dX |V(^(n — u + A(x — y)) — Vplv — u — A(x — y))\ 

Jo 

< G \y — 

Therefore, by \2.4\ ), 

J^{s,x,y) < G\y — x\^~^^ du dv Gn{s,u)Gn{s,v)k 3 (x — y + v — u) 

7r3 Jr3 

< C\y-xf+‘f^d(h_g(0\rG(smf 

< G\y — x\^'^^. (6.8) 

Putting together the estimates we obtain \ 6 . 4 \l - 

Lemma 6.3 For any 0<s<t<f<T, set 

iy?(s,t,f) = [ du [ dv Gn(t — s,u)Gn(t — s,v)f (-—-v — u 

JR3 Jr3 \t — S 

sup sup I/”(s, t, t) < CX). 

n>l 0<s<t<i<T 



Then 




Proof. Consider the change of variables v h-^ Then by Lemma 

z/”(s,t,t)= f du ( dv Gn{t — s,u)Gn (t — — -v^ 

J J \ i S / 

X Hv - u) (i^) 

= du dv Gn{t — S,u)Gn{f — s,v)f{v — u). 

v/r3 

Using Assumption \2.4\ the last integral is bounded by 

ll^^lloo dvGnit - s,u)Gn{t- s,v)kp{y - u). 

Conseguently, 

|^G„(t-s)(OI|^G#-s)(OI 


<(s,t,t) <G 


lei 


3-/3 


Apply the Cauchy-Schwarz ineguality and dg to see that this integral is 
bounded by a finite constant, uniformly in s,t,f G [0,T]. □ 


The next two lemmas deal with time-scaled increments of the covariance 
density. 

Lemma 6.4 For each t,f E [0,T], with t < f; set 

= [ ds 
Jo 


du dv Gn{t — S,u)Gn{t — s,v) 


X 



Then 


sup 1^2 (^5 ^ < C\t — t|" 

n>l 


for any a G ]0,1[ with a + {3 G ]0, 2[. 


(6.9) 
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Proof. Consider the decomposition 


where V 2 '^{t,f) (resp. V 2 ’‘^{t,f)) is defined in the same way as u^it^i), but 
with the expression in absolute values replaced by 


t — s 


t — s 




and 



respectively. 

The change of variables {u,v) i—>• ^{u,v) and Lemma [2C\ yield 


l> 2 ’^{t,f) = \t -t\ f f i dvGn{t - S,u)Gn{t - S,v)f{v - 

Jo t — S 7r3 JR3 


u 




0 t — s 


lei 


3-/3 


<G\t-t\, (6.10) 

if [3 g]0,2[, where in the last inequality we have applied Lemma with 
b := 1. 

Consider the transformation {u,v) i—>■ {u, frfw)- Then 

Df (v-u,—^-u 
\ t — s 

( 6 - , 

We are going to prove that 

snp {t, f) < C\t— (6.12) 

n>l 

with a G ]0,1[, a + /9 G ]0, 2[. 

Notice that the structure of this term is similar to the integral analyzed 
in Lemma um Consider the decomposition 


n,2 


(t,t)= ds du dvGn{t — S,u)Gn{t — S,v) 
Jo ./R3 JR3 
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where (resp. 1 ^ 2 ’^’^(^ 5 on the right-hand side of \6.11\) . 

but with the absolute value replaced by 



t — t 


-u 


Dkg 



t — t 


-u 


and 


Dip 




kp{v 


m), 


respectively. 

Since ip is bounded, Lemma(a) with b = a,a = 3 — {a-\-P)c = t — t, 
u := V — u, X = —jzi, yields 


< C\t — t\°‘ f ds [ du [ dv Gn{t — s,u)Gn{t — s,v) 
Jo iR3 JR3 


X / dw ka+p{{t — t)w — {v — u)) 


u 


Dks-aiw,- -) 

t — s 


We next prove that if a + 13 g]0,2[, then the integral above is bounded, 
uniformly in n and 0 < t < f < T. For this, let (resp. be 

the same expression, but with in the dw-integral replaced by - 83 ( 0 ) (resp. 
BoifiY)- For break the absolute value in the dw-integral into the sum 

of two terms. Applying successively the changes of variables w ^ w — ^ 
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and u I—*• jz^u and JO) . the first term is bounded, by Indeed 


ds du dvGnit 

JR3 JR3 


S,u)Gn{t - S,V) 



< ds du dv Gnit — S,u)Gn{t — s,v) 
Jo Jr3 Jr3 


X 



dw ka+fj 


— t)w — V + 



k3-a{w) 


= f ds f du f dv Gn{t — S,u)Gn{t — s,v)- 


10 iR3 


t — s 


X / dw ka+ 3 {{t — t)w — {v — u))k 3 -a{ui) 
J\w\<5 


< 




'\w \<5 “ Jo Jr^ G+d) ’ 


which is bounded uniformly over 0 < t < t < T. if a + fi e] 0,2[. 
Similarly, the second term is 

ds du dv Gn{t — S,u)Gn{t — s,v) 


X / dw ka+Mt — t)w — iv — u))k 3 _a{w) 
J\w\<3 


< 


f'dsf d^\i^-^)io\\mi-s)m 


| U )|<3 Jo 


|^|3-(a+/3) 


which is bounded uniformly over 0 < t < t < T, if a + fi e]0,2[. 

rr ■ j. 72,2,1,2 7 , 

lurmng to 1^2 ? 


= k3_^ (^w - , Ae[0,1]. 
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Notice that since |m| < (t — s)(l + and |w| > 3, it follows that 

, ^ u , ,,, ,, 1 ,, ,, 1 ,, 

\w — A - > kf — A(1 H—) > kf — 2 > - ky . 

I - II I V ^^1 - I I 3I I 

Further, < C'|w — Thus, 

^n,2,l,2(^^^ < / (is / du [ dv Gn{t — S,u)Gnii — S,v) 

Jo kR3 7 r3 


X 




dw I ka+jsit — f)w + U — v)\ I dX ki-a [w — X 


u 


t — s 


< G 


dw F 


/|«)|>3 \W 


14 —a 


ds / d^ 




which is bounded uniformly over 0 < t < t < T, if a e] 0,1[ and a+j3 G ]0, 2[. 
Therefore, we have proved that 


sup f) < G\t — t\°‘, 


n>l 


(6.13) 


if a G ]0,1[ and a + (3 G ]0, 2[. 

By the properties of ip, we have 


h'2'‘^''^{t,t) < G\t — t\ ds d^ 
Jo kR3 


|^G„(i-s)(0||-^Gn(t-5)(0| 


lei 


3-/3 


and therefore 


sup z/ 2 t) < G\t — t\. 


n>l 


(6.14) 


The estimates and \6.14\ ) prove 116.131) . Finally, \6.9i) follows from 

mw and mw- n 


The last lemma of this section gives information on the second-order 
increments of the time-scaled covariance function. Its proof is somewhat 
lengthy because we seek the best possible result: indeed, the case [3 g]0, 1[ 
reguires considerable effort, while the case f3 G [1,2[ is not so complicated. 

Lemma 6.5 For any s,t,f E [0,T], s <t <t, u,v E we set 

- (« 5 ) 
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and 


Un(t,t) = f ds [ du [ dvGnit — s^u)Gn{t — s^v)\^^f{s,t,t,u,v)\. 
Jo iR3 iR3 


Then 


sup < G\t — t|", 


n>l 


(6.16) 


for any a G ]0, (2 — /?) A (1 + 5)[. 


Proof. Assume first that j3 G [1, 2[. In this ease, we eonsider a decomposition 
o/aVG(.( , u, v) into first-order increments, which leads to the following 
decomposition: 


I/g (t, f) = Z/g ’ {t, t) + z/g’ (t, f) + Z/g’ {t,t), 

where uf’^t,!), i = 1,2,3, is defined as v^it,!), but with A^/ replaced by 
and 


/\^'^f{s,t,t,u,v) = 




t - s (t - s ' 

T-/ T- 'V-U 

t — S \t — S I 


A‘^’^f{s,t,t,u,v) = 


1 - 


t — s 


t — s 




A‘^’^f{s,t,t,u,v) = 


t — s 
t — s 


f{v -u)- f (v- 


Notice that z/g’^(t, f) is equal to z/J(^, ^ defined in Lemma \K^ Thus, by / 1 6'. .91) . 

sup z/g’^(t, f) < G\t — t|", (6-17) 


n>l 


for any a G ]0, (2 — /?) A 1[. 

For the term z/g’^(t,t), we have 

Then, by Lemma with b = 1, 

< G\t - i\, 

for any fl G ]0, 2[. 


(6.18) 
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The analysis does not differ very much from that of the term 

vf‘^{t,t) in the proof of Lemma \B~^ Indeed, the change of variables {u,v) h -^ 
and Lemma, \2l\ yield 

i>f^(t,f) = [ ds [ du [ dv Gn{i — s,u)Gn(t — s,v) 

Jo 


X 


Dfiv 


t — t 


M, 


-U 


Comparing this expression with mw, we observe that in the integrands, the 
roles of t and i are exchanged. However, carrying on calculations similar to 
that for i>f'‘^{t,f) in the proof of Lemma \6.4[ we encounter similar expressions, 
with ds replaced by Conseguently, using Lem,m,a,instead of \2.4\l , we 
obtain 

sup 1 ^ 3 ’^ < C|t — t|“, (6.19) 

n>l 

for each a G ]0, (2 — /3) A 1[. Notice that for /3 G [1,2], (2 — /3) A 1 = 2 — (3. 
Conseguently, the estimate Km follows in this case from wm- Km . 

Consider now the case j3 g]0, 1[. We decompose f{s,t,t,u,v) into the 
sum f{s,t,f,u,v), with the definitions 

= (^) /(”-“)• 

A«/(., 1.1, u, V) = j (/ - «)) - f(v - «)) , 


^'^’^f{s,t,t,u,v) = I — -A‘^’^f{s,t,t,u,v), 
t — s 

where 

A^’^f{s,t,t,u,v) = -^) ~ 

+ f{v-u)y 
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Then 


i=l 

with defined as v^{t,t), hut with A^/ replaced by A^’*/? i = 1,2,3. 

We start by estimating vfi^{t,i). We have 


< C\t-t\^ 


ds f 

{t - Sfi Jr^ ^ |e|3-/3 


Then, using Lemma F^. tA with b = 2, we conclude that 


sup z/ 3 ’^(t, t) < C|t — tp, (6.20) 

n>l 


iff3e]0,l[. ^ 

We proceed now with vfi^{t,t), which we split into two terms: 


< \t — t\ I ds I du I dv Gn{t — s, u)Gn{t — s, v) 


(t - sfi 


X 




t — s 


t — s 


< It — t| I ds I du I dv Gn{t — S,u)Gn{t — s,v)- 

Jo Jr3 Jr 3 [t- sfi 


t — s 


X 




The change of variables {u,v) ^ (u, fzfu^ and Lemm,a Wl\ yield 

< \t — i\ [ —^ / du [ dv Gn(t — s,u)Gn(i — s,v) 
Jo t — S JK3 Jr3 


X 


Df (u - u, 
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Moreover, 


—n,2,2 

1^3 


< c\t 


ds 


0 (t 



5 , 1 ;) 


X 


Df 


Proceeding as for the analysis of the term or in Lemma \U^\ (observe 
the similarity of in \6.11\) with 1 ^ 3 ’^’^), and using Lemma we 

obtain 

snpT''^’‘^{t,f) < C\t — , (6.21) 

n>l 

for any pi G ]0,1[ (we recall that (3 G ]0, 1[). 

The study ofV^’^{t,f) is more intricate. Due to the product structure of 
the covariance function, we have the following decomposition 

A‘^’^f{s,t,t,u,v) = 

^ ^ i=i 


where 


t — s 


t, t, u, v) = A(^’^kp{s, t, t, u,v)p[ - - {v - m) , 


t — s 


A2’^’V(s, t, t, u, v) = Dip - u, Dkg U - u, , 


A^’^’^/(s, t, t, u, v) = Dip (v — - - u, - -v J Dkg (v — u, —-- u 


t — s t — s 


t — s / ’ 


A^’^’"^/(s, t, t, U, v) = A^’^(y 9 (s, t, t, U, v) kg{v — u). 


Then i'^’'^{t,f) < Z]i=i ^ 3 ’ where 

v'i'^’\t,f) = [ ds [ du [ dv Gnit — s,u)Gn{t — s,v) 
Jo 7 r 3 7 k 3 


X 


t — s 
t — s 


A'^’^’^f {s,t,t,u,v) 
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We shall now analyze the contribution of each of these terms. 

By Lemma, Wl\ (e), applied with d = 3, b := a, a := 3 — + ft), c := f—t, 

u := V — u, X := y := 


where 


t 

I{t,f) = / ds 


t 


du / dv Gn{t — S,u)Gn{t — s,v) 


X 


dw ka+p{v — u — (t — t)w) 


D^kz- 


3—a 


w. 


U V 

t — s' t — s 


Our next objective is to check that supo<t<f<'r/(t, t) < oo. This will be 
carried out by taking into account first the small values of w (\w\ < 5), and 
then the large ones. 

Set t — t = h and split the last absolute value above into four terms, so 
that the above integral when w is integrated on the set |w| < 5 eguals to 

Clearly, 

Ii{t,i) := [ ds - [ du [ dv Gn{t — s,u)Gn{t — s,v) 

Jo t — S JR3 JR3 


X 



(t - t)w)kz-a{w) 


< 





|^|3—(o+/3) 


< CX), 


if a + (3 e ]0, 2[, a > 0. 

The analysis of Ij{t,f), j = 2,3,4, are all similar, so we only give the 
details for 


lAt,f) = [ ds - - [ du [ dv Gn(t — s,u)Gn(t — s,v) 

Jo t — S JR3 Jr3 


X 


to|<5 


dw ka+giv — u — hw)kz-a (w + 


V — u 
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Consider the change of variables w = w + Then 


f div t — s f f 

lAt,t) < / ■;- - - / ds - du dv Gn(t — S,u)Gn(t — s,v) 

^ - J\w\<7 W Jo t-sV 7 k3 ^ j nK . > 


'\w \<7 \W 
X /uq.-|_^ 


, t - s 

hw H- [v — u) 

t 5 


Apply the change of variables {u,v) ^{u,v). Then, by Lemma 

lAt,f) < [ [ dst :—^ [ du [ dv G(f — s,u)G(f — s,v) 

J\w\<7 |w|3-“ Jo t - S Jr3 Jk3 ^ ^ ^ ^ 


X ka+p {hw + {v - u)) 


<G ds 


di 


\TG{t-sm^^ 

|^|3-(a+/3) 


which is bounded, uniformly over 0 < t < t < T, if a + P ^]0,2[, a > 0. 

Therefore, we have proved that the contribution to I{t,f) of the term in 
which the dw-integral is restricted to {|w| < 5} is finite. 

We end the proof by checking that h{t,L) < oo, where h{t,f) is defined 
in the same way as I{t,f) but with the dw-integral restricted to the domain 
{|w| > 5}. 

Define 

11 y 

^{X,fi) = /c3_„(w - A-—+ /i-—), A, /i e [0,1], 

L S L S 

so that 

— u u 

ko-a{w, — -, --) = ^{1, 1) - v[/(0,1) - ^(1, 0) + vI/(0, 0) 

t — s t — s 

rl rl ^2^ 


A simple computation shows that 


^ 2 ^ 

dXdfi 


{X,l) 


< GkK_fy [ w — A 


u 


t — s 


+ k' 


t — s 
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Consequently 


lCt,i) := [ ds-—- [ du [ dv Gn(t — s,u)Gn(t — s,v) 

Jo t — S JR3 JR3 


X / dw ka+niv — u — hw) ( w, , 

./|ii7|>5 \ t — S t — S 


U V 


< 


G [ ds - f du f dv Gnit — s,u)Gnit — s,v) 

Jo t — S 7r3 Jr3 


X / dw ka+giv — u — hw) 
J\w\>5 


X [ dX [ dink5-a(w-X^^ + in-^). 

Jo Jo \ t-s t-sj 

We can give a lower bound of \w — + /^^|, independent of u,v on the 

set {|w| > 5}. Indeed, by the triangle inequality 


u V 

w — A-h a - 

t — s ^ t — s 


> 

w — 

> 

w — 


u V 

A-u- 

t — s ^ t — s 


> Iwl - 4 > 


|w| 

T” 


Hence, 

< G 


/|u)|>5 \W 


^ ds- - - [ du [ dv Gn{t — S,u)Gn{t — s,v) 


b — OL 


'0 t — s 


X ka+g{v — u — hw) 


< G 


dw 


I«)|>5 \w 


b—a 


ds- 


df 


\:FG(t-s)m 

|^|3-(a+/3) 


The dw-integral is finite for any a g]0,2[ and, by Lemma the dsd^- 
integral is also finite for a(3 g]0,2[. Consequently, Cit,!) is finite whenever 
a -\- P G ]0, 2[; therefore 

snpT7^’^'^{t,f) < C\t — fp (6.22) 

n>l 
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for any a G ]0, 2 — /?[. 

By the properties of ip, we have 

T's'^’‘^{t,i) < C [ ds - [ du [ dv Gn{t — s,u)Gn{t — s,v) 

Jo t — S JR3 7r3 


X 


t — s 


\u\ 


Dkp 



< G\t 


ds- 



X 


Dkr- 


t-t ^ 

M, - V 




In the last inequality, we have used the fact that |m| < (t — s)(l + ^). 

We can study the contribution of this last integral with similar arguments 
as those used in the analysis of the term i' 2 ’'^’^{t,f) in the proof of Lemma 
\6.J\ concluding that 

supz/g’^’^ < (6.23) 

n>l 

for any ps g]0, (2 — /?) A 1[ (see Clearly, the same hound holds for 

,1 , -n,3,3 

the term ■ 

By the assumptions on ip, we have 

V — u \ — 


V -M ] + (p(v — u) 

K t-S 



< / d\ 
Jo 


^ t-S W-t \ ^ W-t ^ 

\ip - V — u + A - u — \ip \v — u + A - u 

^ \ t — s t — s I ^ \ t — S J 


\t-t\ I I / ^ 1^ - ^1^^^ I I I |5 

X - \u\ < G- -r—T \u\ m . 


t — s 


(t — s)^+^ 


It follows that 


i) < G\t — [ ds - [ du [ dv Gn(t — s, u)Gn(t — s, v) 

Jo t — S 2r3 JR3 


























The fraction with u and v is bounded by 2^+*^. Therefore 


and by Lemma 


fdst^ 

'o t — s 


df 


\j^G{t - sm\\j^G{t - sm 


lei 


3-/3 


sup u^’^’‘^{t, f) < C\t — (6.24) 

n>l 


z//3e]0,2[. 

Summarising the results obtained in yields 

sup z73’^(t, ^ < Clt — t|", (6.25) 

n>l 

with a E ]0, (2 — /3) A (1 + 6) [. 

Finally, by \6.2U\) . \6.21\) and \6.2^) . we conclude that 

sup t's (t, f) < C\t — t|", 

n>l 

wiht a G ]0, (2 — /3) A (1 + ^) [, when {3 g]0, 1[. The proof of the lemma is 
complete. □ 

Acknowledgment: The second named author is pleased to thank the Institut 
de Mathematiques of the Ecole Polytechnique Federate de Lausanne for its 
hospitality and financial support during a visit where part of this work was 
carried out. 


References 

[1] R.A. Adams, J.J.F. Fournier: Sobolev Spaces. 2nd Edition. Pure and 
Applied Mathematics Series. Elsevier, 2003. 

[2] R.J. Adler: An Introduction to Continuity, Extrema, and Related Top¬ 
ics for General Gaussian Processes. Institute of Mathematical Statistics 
Lecture Notes-Monographs Series, Vol 12, 1990. 

[3] E. Cabana: The vibrating string forced by white noise. Z. Wahrschein- 
lichkeitstheorie und Verw. Gebiete 15, 111-130, 1970. 

[4] R- Carmona, D. Nualart: Random nonlinear wave equations: smooth¬ 
ness of the solutions. Probab. Theory Related Fields 79, 469-508 (1988). 


72 













[5] R.C. Dalang, N.E. Frangos: The stochastic wave eguation in two spatial 
dimensions. Annals of Probab. 26, 1, 187-212, 1998. 

[6] R.C. Dalang: Extending the martingale measure stochastic integral with 
applications to spatially homogeneous spde’s. Electronic J. of Probability, 
Vol 4, 1999. 

[7] R.C. Dalang, C. Mueller: Some non-linear SPDE’s that are second or¬ 
der in time. Electronic J. of Probability, Vol 8, 1, 1-21, 2003. 

[8] R.C. Dalang, M. Sanz-Sole: Regularity of the sample paths of a class of 
second-order spde’s. J. Funct. Anal. 227, 2, 304-337 (2005). 

[9] J. Dieudonne: Foundations of Modern Analysis. Pure and Applied 
Mathematics, Vol. X. Academic Press, New York-London, 1960. 

[10] W.F. Donoghue: Distributions and Fourier transforms. Academic Press, 
New York, 1969. 

[11] L. Hormander: Lectures on Nonlinear Hyperbolic Differential Egua- 
tions. Springer Verlag, 1997. 

[12] A. Karkzewska, J. Zabczyk: “Stochastic PDF’s with function-valued so¬ 
lutions”, in Clement Ph., den Hollander F., van Neerven J. and de 
Pagter B. (Eds), “Infinite-dimensional stochastic analysis”. Proceedings 
of the Colloguium of the Royal Netherlands Academy of Arts and Sci¬ 
ences, 1999, Amsterdam. 

[13] N.V. Krylov: An analytic approach to spde’s. In: Stochastic Partial 
Differential Eguations: Six Perspectives (R.A. Carmona, B. Rozovskii, 
Eds.), pp. 185-242. Mathematical Surveys and Monographs, Vol 64, 
American Mathematical Society, 1999. 

[ 14 ] D. Mdrguez, M. Mellouk, M. Sarrd: On stochastic partial differential 
eguations with spatially correlated noise: smoothness of the law. Stoch. 
Proc. Appl. 93, 269-284 (2001). 

[15] M. Metivier: Semimartingales, a Course on Stochastic Processes, de 
Cruyter Studies in Mathematics 2. Walter de Cruyter, 1982. 

[16] A. Millet, M. Sanz-Sole: A stochastic wave eguation in two space di¬ 
mensions: smoothness of the law. Annals of Probab. 27, 803-844, 1999. 

[17] A. Millet, M. Sanz-Sole: Approximation and support theorem for a wave 
eguation in two space dimensions. Bernoulli 6, 5, 887-915, 2000. 


73 



[18] L. Mytnik, E. Perkins, A. Sturm: On pathwise uniqueness for stochastic 
heat equations with non-Lipschitz coefficients. Prepublication (2005). 

[19] S. Peszat, J. Zabczyk: Nonlinear stochastic wave and heat equations. 
Probab. Theory Related Fields, 116, 421-443, 2000. 

[20] S. Peszat, The Cauchy problem for a nonlinear stochastic wave equation 
in any dimension, J. Evol. Equ., 2, no. 3, 383-394.(2002). 

]21] LI. Quer-Sardanyons, M. Sanz-Sole: Absolute continuity of the law of 
the solution to the 3-dimensional stochastic wave equation. J. Funct. 
Anal, 206, 1, 1-32, 2004. 

]22] LI. Quer-Sardanyons, M. Sanz-Sole: A stochastic wave equation in di¬ 
mension 3: smoothness of the law. Bernoulli 10, 1, 165-186, 2004. 

]23] D. Revuz, M. Yor: Continuous martingales and Brownian motion. Third 
edition. Springer-Verlag, Berlin, 1999. 

]24] B. L. Rozovsky: Stochastic evolution equations. Linear theory and ap¬ 
plications to non-linear filtering. Kluwer, 1990. 

]25] L. Schwartz: Theorie des distributions. Hermann, Paris, 1966. 

[26] M. Sanz-Sole, M. Sarrd: Holder continuity for the stochastic heat equa¬ 
tion with spatially correlated noise. In: Stochastic analysis, random 
fields and applications (R.C. Dalang, M. Dozzi, F. Russo Eds.), pp. 
259-268, Progress in Probability 52, Birkhduser, Basel, 2002. 

]27] M. Sanz-Sole: Malliavin Calculus with Applications to Stochastic Par¬ 
tial Differential Equations. Fundamental Sciences. Mathematics. EPFL 
Press, distributed by CCR Press, 2005. 

]28] N. Shimakura: Partial differential operators of elliptic type. Transla¬ 
tions of Mathematical Monographs, 99. American Mathematical Society, 
1992. 

[29] C.D. Sogge: Lectures on Nonlinear Wave Equations. Monographs in 
Analysis, Vol H. International Press, 1995. 

[30] E. M. Stein: Singular Integrals and Differentiability Properties of Func¬ 
tions. Princeton University Press, Princeton, 1970. 

]31] F. Treves: Basic Linear Partial Differential Equations. Academic Press, 
1975. 


74 



[32] J. B. Walsh: An introduction to stochastic partial differential equations, 
Ecole d’ete de Prohahilites de Saint Flour XIV, Lecture Notes in Math¬ 
ematics, Vol. 1180, Springer Verlag, 1986. 


75 



